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SUMMARY

Biological systems can use seemingly simple rhythmic body and limb undulations to
traverse their complex natural terrains. We are particularly interested in the regime of lo-
comotion in highly damped environments, which we refer to as geometric locomotion.
In geometric locomotion, the net translation is generated from properly coordinated self-
deformation to counter the drag forces, as opposed to inertia-dominated systems where in-
ertial forces dominate over frictional forces (thus coasting/gliding is possible). The scope
of geometric locomotion include locomotors with diverse morphologies across scales in
various environments. For example, at the macroscopic scale, legged animals such as fire
salamanders (S. salamandra), display high maneuverability by properly coordinating their
body bending and leg movements. At the microscopic scale, nematode worms, such as
C. elegans, can manipulate body undulation patterns to facilitate effective locomotion in
diverse environments. These movements often require proper coordination of animal bod-
ies and/or limbs; more importantly, such coordination patterns are environment dependent.
In robotic locomotion, however, the state-of-the-art gait design and feedback control al-
gorithms are computationally costly and typically not transferable across platforms and
scenarios (body-morphologies and environments), thus limiting the versatility and perfor-
mance capabilities of engineering systems. While it is challenging to directly replicate the
success in biological systems to robotic systems, the study of biological locomotors can es-
tablish simple locomotion models and principles to guide robotics control processes. The
overarching goal of this thesis is to (1) connect the observations in biological systems to
the optimization problems in robotics applications, and (2) use robotics as tools to ana-
lyze locomotion behaviors in various biological systems. In the last 30 years, a framework
called “geometric mechanics” has been developed as a general scheme to link locomotor
performance to the patterns of “self-deformation”. This geometric approach replaces la-

borious calculation with illustrative diagrams. Historically, this geometric approach was
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limited to low degree-of-freedom systems while assuming an idealized contact model with
the environment. This thesis develops and advances the geometric mechanics framework to
overcome both of these limitations; and thereby generates insight into understanding a vari-
ety of animal behaviors as well as controlling robots, from short-limb elongate quadrupeds

to body-undulatory multi-legged centipedes in highly-damped environments.
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2.25 Height functions to design gaits to produce motion in the desired di-
rection. Height functions on torud€ft) and on unfolded Euclidean param-
eterization spacei@ht) are shown. The height function for (a) horizontal
spatial frequency, = 1.5, V-L ratio K,=K, = 1:3in lateral direction (the
direction perpendicular to body axis) and (b) horizontal spatial frequency
Ki = 0:9, V-L ratio K,=K| = 1:2 in rotational direction. The purple curve in
each plot maximizes the surface integral enclosed in the upper left corner
(marked in solid lines) minus the surface integral enclosed in the lower left
corner (marked in the dashed lines). The assistive lines are shown as lines

with green arrows. . . . . . . . . . . . e 64

2.26 Robustness of statically stable gaits as a function of temporal frequency.

Dependence of the rotation angle (per cycle) on the temporal frequency of
(a) the stabilized translational sidewinding gaits and (b) the stabilized rota-
tional sidewinding gaits on robot experiments. In both cases, the rotation
angle is steady over a range of temporal frequencies. The unit and the axis
labels in all panels are the same. The subplots (i) and (ii) show the snap-
shots of robot implementing gaits in low temporal frequency (0.2Hz, red)
and high temporal frequency (2.0Hz, blue) over three gaitcycles. . . . . . .

2.27 Extended sidewinding gait formula. (a) Height functions for different
V-L ratio with xed K; = 1:0. We show that while we change the V-L ra-
tio, the optimal phase, emerged to increase linearly from height function
predictions. We then ran regression and nd thgt2 linearly correlates
with V-L ratio K,=K|, under slopea = 0:44and intercepb = 1:2. (b) We
then test how the slopes and intercept correlates with the horizontal spatial
frequencyK;. It turns out that both the slopeand the intercepb linearly
correlate withK, (a 0:43%K; + 0:00Lb  0:43%K, + 0:750. (c) A
model to explain the empirical equations. We develop our model in CoM
frame, neglecting the forward displacement (along the direction) of body
segments, and only investigate the effect of lateral displacement. . . . . . .

2.28 Vector elds and height functions for an 8-link robot on granular me-
dia and frictional ground with continuous contact. (a) A schematic
sketch, vector eld, and height function for an 8-link robot moving on gran-
ular media (poppy seeds). The height function has a large magnitude. (b)
The sketch, vector eld, and height function for a 8-link robot moving on
frictional ground. The axes of all shape space are identical. The color bar
of height functions in (a) and (b) are identical. The units of the color bar in
the height functionsarBL=2. . . . . . . .. ... .. ... ........ 71
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2.29 Example of a mixed contact pattern. (a-c) The vector elds and height
functions for three contact statés I,, andlz. Corresponding robot links
which are in contact with the environment are denoted by red, black and
grey. The color bar of height functions in (a), (b), and (c) are identical. (d.1)
The contact pattern prescribed by (Equation 2.43). (d.2) The vector eld
prescribed by (Equation 2.44). (d.3) The corresponding height function.
The axes of all shape space are identical. The units of the color bar in all
height functionsar@L=2. . . . . . .. ... ... ... ... ....... 73

2.29 Example of a mixed contact pattern (continued)d.3) The corresponding
height function. The axes of all shape space are identical. The units of the
color bar in all height functionsa®L=2. . . . .. ... ... ....... 74

2.30 lllustration of a contact pattern optimization. (a) The vector eld and its
curl-free component and divergence-free component by the Hodge Helmholtz
decomposition. . . . . . L e e 74

2.30 lllustration of a contact pattern optimization (continued). (b) The po-
tential functions forP;, P, and P;. Note that, in curl-free components,
the line integral is path independent, allowing us to compute the potential
function to estimate the line integral between any points. (c) The potential
function difference fo® =P, P, P =P3; P, andP = P; Pa.
The axes of all shape spaces are identical. The units of the color bar in all
potential function differencesa®l=2. . . .. ... ... ... ...... 75

2.31 Experiments on angle of motion modulation. (a.1) Snapshots of robot
implementing sidewinding gaits with different amplitudes using sinusoidal
templates ((Equation 2.33,Equation 2.33)). The solid yellow arrow indi-
cates the direction of motioh and the dashed blue ling, indicate the
central body axis. The angle betwegrandl; is then de ned as the angle
of motion. (a.2) For the sidewinding gaits using sinusoidal templates, the
angle of motion is almost independent of the amplitude for robot moving in
isotropic environments. The blue solid line represents simulation and the
black line with error bars is robophysical experimental data. (b.1) Compar-
ison of snapshots of the robot experiment and the simulation implementing
the gait to modulate the angle of motion. (b.2) Modulation of the motion
angle by controlling the convex coefcient. . . . . .. ... .. ... .. 78
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2.32 Modulating the angle of motion using contact pattern optimization.
The potential function difference (PFD) in forward (a), lateral (b) and rota-
tional (c) directions. The black circle indicate our joint angle limjity; ro]jjz
=3. The set of extreme point€)X = fq*; g*; g*;9 are chosen to maxi-
mize the sum of PFD in forward directions. The set of extreme points
(Q=1d’; ¢q'; d';9 are chosen to maximize the sum of PFD in lateral di-
rections. The axes of all shape spaces are identical. The color bar of PFD
in (a) are identical. The units of the color bar in all PFDsBte 2. . . . . 80

2.32 Modulating the angle of motion using contact pattern optimization
(continued). The potential function difference (PFD) in forward rotational
directions. The units of the color barinall PFDs &e=2. . . . . . .. .. 81

2.33 Sidewinding with fewer number of links. (a) Snapshots of a 6-link robot
implementing the sidewinding gait with the sinusoidal templates ((Equa-
tion 2.33), (Equation 2.33)). (b) Snapshots of a 6-link robot implementing
the sidewinding gait with our optimization method. (c) The sidewinding
speed (in unit BL per cycle) as a function of link numbers (sidewinding gait
is prescribed using the sine wave template). The blue solid line represents
simulation and the black line with error bars is robophysical experimental
data. The speed decreases as the link number decreasds gnti0. For
N < 10, the con guration is unstable and turning emerged. The speed of
the gait with our optimization method is highlighted as a diamond marker. . 82

2.34 Designing sidewinding gaits for a 6-link robot. (a) Three stable contact
patterns and their corresponding vector elds. . . . .. .. .. ... .... 83

2.34 Designing sidewinding gaits for a 6-link robot (continued).(b) The PFD
of lateral and rotational directions. The color bars of PFD are identical in
three illustrations. The black circle indicates the robot's joint angle limit:
Jj[rl, rz]jjz e 84

2.34 Designing sidewinding gaits for a 6-link robot (continued). (c) The
boundary of each contact state, the vector eld, and the height function
with the optimal contact pattern, determined from the obtained transitional
points. The units of color bar in height function8e=2. . ... ... .. 85

2.35 Modeling interactions between robot and obstacle&) (Left) The vector
eld V; assuming the obstacle has interactions with the headilink {).
(Right) Force relationship illustrations for interactions between robot and
obstacle. (b) (Left) The vector el®/, assuming the obstacle has interac-
tions with the head linki§ = 1). (Right) The two conditions (Sec.subsubsection 2.7.1
and Sec.subsubsection2.7.1) . . . .. ... . L 87
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2.36 Identi cation of gaits (a) Numerically computed effective gait paths for
Ilp = f1; 2; 3g In (left) and (mid) panels, we showed the effective gait
paths with weight higher than 0.1 body length. In (right) panel, we showed
the gait path with the highest weight (0.06 body length). (b) Comparison
between circular-wave (), elliptical-wave ( ¢), and standing-wave ) gaits. 89

2.37 Single post experiments(a) The half-cycle displacements for different
gaits are measured. We illustrated con gurations before and after inter-
action with the obstacle. The net forward displacentgimet displacement
along the direction of motion) is labelled with a dashed arrow. The net dis-
placement (forward and lateral) is labeled with a solid arrow. BL denotes
body length. The purple arrows indicate the direction of motion over the
half gait cycle. (b) The ranges of bene cial obstacles are measured. We
illustrated the starting and ending con guration where the interaction with
the obstacle is bene cial. is measured to quantify the ranges of bene cial
obstacles. . . . . . . . 90

2.38 Multiple posts experimentsWe illustrated snapshots of robots implement-
ing (a) circular, (b) elliptical, and (c) standing wave gaits on wide-distributed
posts (0.3 BL) and narrow-distributed posts (0.2 BL). Elliptical-wave gait
outperformed standing-wave and circular-wave gaits in both posts. Purple
arrows indicate the direction of motion over two gait cycles. On the right
panel, we illustrated the de nition of attack angleand contact duration. 93

2.39 Experiment data for multiple post experiments(Left panel) The speeds
of standing-wave ( = 0:1), elliptical-wave ( = 0:5), and circular-wave
( = 1) gaits are compared in (a) wide-distributed posts and (b) narrow-
distributed posts. (Right panel) The attack angle and contact duration for
all cases are measured and comparedienotep< 001 .. ... .. .. 94

2.40 Unevenly distributed post experimentsA sequence of video frames of
the robot executing the elliptical-wave gait in an unevenly arranged planar
peg board overtwo gaitcycles. . . . . . .. .. ... .. o L. 95

3.1 The animal, robot and theoretical models studied in the chapter.(a)

top view of a Fire salamander. The body anglg,is de ned as an angle
between the center lines that are parallel to the front and the back part of
the body. (b) top view of the robophysical model. It has two body parts
connected with a servo, four 2 DoF legs, and a tail. The metal part at the
center is used to pick up the robot with an electromagnetic gripper. All
legs and tail have the same foot geometry (24X24 mm cube shape). (c) the
theoretical model with shape variables and body velocities labeled. . . . . 102
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3.2

3.3

3.4

The connection vector eld and the height functions in the cylindri-

cal shape spaceThe connection vector eld (top) and the height function
(bottom) in a cylindrical shape space corresponding to the forward motion
of a quadruped robot moving with a four-beat walking gait on the surface
of 1 mm poppy seeds. We show the vector eld and height function on

a cylindrical space and on the Euclidean parameterization of a cylindrical
space. The blue curve represents a sample gait in the corresponding cylin-
drical shape space. Orange lines represent the assistive lines to form closed
loops with the gait path in the unfolded cylindrical shape space. The area
in the blue shading represents the area where the gait path and the assis-
tive line form a clockwise loop; the area in the green shading represents the
area where the gait path and the assistive line form a counterclockwise loop.
Red, white, and black colors indicate positive, zero and negative values in
the height function respectively. . . . . . ... ... .. ... ... ..., 104

The leg contact variables and joint angles ; prescribed by gait phase
for (a.1) (forward) slow walk, (a.2) (forward) fast walk, (a.3) (forward)
trot (b.1) (rotational) lateral sequence with no modulatib8 M), (b.2)
(rotational) lateral sequence with differential drive modulatio® DDM),
(b.3) (rotational) rotary sequence with no modulatiBiS(NM), (b.4) (rota-
tional) rotary sequence with differential drive modulati®tS(DDM), and
(c) (lateral) sideways leg movements. The “cartoon sequence” shows the
leg joint angles and contact states (solid means contact; open in air) at dif-
ferent gait phases. A row of eight boxes indicates the contact state of a
leg at eight different phases of the gait, where lled gray color represents
contact and open white color represents non contact state. The blue curves
indicate the joint angles of the leg “shoulders” (shoulder for fore-legs and
hip for hind legs). The initials F, H, L, R represent front, hind, left and
right leg, respectively. All the panels have the same ordinate range (from
3 t0 3) asin (a.1). The dashed lines in (a.2) and (a.3) indicate two legs
are simultaneously in the air, which could only occur for diagonal leg pairs. 106

The ow chartof our gaitdesignprocess . . . . . . . .. .. ... ..... 110
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3.5

3.6

3.7

3.8

Height functions (a) Forward height functions associated with trot (a.l1),
fast walk (a.2) and slow walk (a.3) leg movements. The units of the color-
bars arecm per step, i.e.cnm= 2. (b) Rotational height functions associ-
ated with lateral sequence no modulatitu$ (NM) (b.1), lateral sequence
differential drive modulationl(S DDM) (b.2), rotary sequence no mod-
ulation RS NM) (b.3) and rotary sequence differential drive modulation
(RS DDM) (b.4) leg movements. The units of the colorbars ra@ per

step, i.e.rad=4 2. (c) Lateral height function associated with sideways leg
movements. The blue curves are the identi ed “optimal” gait paths. Red,
white and black indicate positive, zero and negative values respectively.
The ordinate range is the same for all panels. The units of the colorbars are
cmperstep, i.eCnMFE 2. . L L 111

Snapshots of robot experiment (b and d), RFT simulation (a and c¢) and an-
imal experiments (e). Body bending coordinated with leg movements (a-b)

changes the orientation of the body or increases forward displacement. In
(a) and (c), the green dots identify the head and the solid blue line repre-
sents the trajectory of center of mass. In (b) and (d), the module connected
to hanging tail (not making contact with the ground) indicates the hind

body module. We compared our designed forward gaits (c and d) with the

forward locomotion observed in animal experiments(e) . . . . .. ... .. 112

Sample trajectories of robot experiments and RFT simulations implement-
ing (a) fast walk gait, (b) rotary sequence no modulation gait, and (c) side-

ways gait, showing close agreement between RFT simulations and robot
experiments. In these gaits, body undulations are properly designed to im-
prove (a) forward, (b) rotational, and (c) lateral displacements. . . . . . ..

Comparison of displacement in RFT simulations (blue bars) and robot ex-
periments (orange bars with error bar, representing 1 standard deviation)
results of (a) forward, (b) rotational and (c) lateral gaits, showing close
agreement between RFT simulations and robot experiments. Each gait is
tested for 3 experiment trials; each trials containing at leasB gait
periods. The “optimal”, “neutral” and “worst” respectively represent the
optimal body bending, no body bending ( xed straight back) and the worst
body bending. We indicate statistically signi cant improvement comparing
the 'optimal’-'neutral’, as well as 'optimal’-'worst' gaits. The gait compar-
ison with a horizontal bracket with represents statistically signi cant
improvement (@ < :001); the gait comparison without a horizontal bracket
represents no statistically signi cantimprovemept¥ :05). For rotational

gaits in (b), we show both transitional and rotational displacement values
for completeness only: body bending is optimized with respect to rotation
only, and displacement changes are not optimized. . . . . . . .. ... ...
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3.9 (a) Snapshots of robot simulation following a circle. Rotation with forward

motion will lead to an arc in center of mass trajectoRyis the curvature

radius of the center of mass trajectoryis the stride rotation anB is the

stride displacement. (b) Body undulation amplitude vs. robot turning radii

(the curvature radius of the center of mass motion trajectory). We hypoth-
esize that by modulating the body undulation amplitude, we can control

the turning radius of the robot. Robot experimental data (blue) and RFT
simulation data (black) validate our hypothesis. . . . . . ... ... .... 116

3.10 Height functions for salamanders, namely experimentally-measured gaits
for (a) slow walk, (b) fast walk and (c) trot, with salamander gait in blue
curves and geometric mechanics predicted gait in green curves overlaid.
All the panels have the same body angle range as in the middle panel. . . . 118

4.1 Target and model systems for understanding the role of body undula-
tion in the lizard body elongation and limb reduction continuum (Left)
(from top to bottom) fully limbed lizardsl{. scopariaandS. olivaceu}in
comparison with extant short limbed, elongate lizailsk@dwaB. taylori,
andB. muntingkamayand limbless/almost limbless speciés fraepedita
andC. occipitalig. Scale bars indicate 2 cm. (Right) An illustrative dia-
gram of the thrust generation in short limbed, elongate lizards: the thrust
generated by limb retraction is labeled in red arrows, the thrust generated
by body undulation is labeled in yellow arrows. . . . . .. ... ...... 124

4.2 The diversity of body waves in the body elongation and limb reduction
continuum. (top) Photos of species and the snapshots of their body motion
during one period (at a scale of seconds) of locomotion. Seven species were
studied (from left to right)U. scoparig S. olivaceusB. kadwa B. taylori,

B. muntingkama)L. praepeditaandC. occipitalis The relative limb size

(I: the hind limb length normalized by SVL) and number of presacral verte-

brae ) for each species are labeled [173, 105]. (bottom) The projections

of body curvature into the reduced shape space and the estimatiofoof

each animal. Units of axes are identical to the leftpanel. . . . . . ... .. 125

4.2 The diversity of body waves in the body elongation and limb reduction
continuum. (top) Photos of species and the snapshots of their body motion
during one period (at a scale of seconds) of locomotion. Seven species were
studied (from left to right)U. scoparia S. olivaceusB. kadwa B. taylori,

B. muntingkamayL. praepeditaandC. occipitalis The relative limb size

(I: the hind limb length normalized by SVL) and number of presacral verte-

brae ) for each species are labeled [173, 105]. (bottom) The projections

of body curvature into the reduced shape space and the estimatiofoof

each animal. Units of axes are identical to the leftpanel. . . . . ... ... 126
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4.3

4.4

4.4

4.4

4.5

From standing wave to traveling wave(a) Comparison between the orig-
inal body curvature pro le oB. taylori and the reconstructed body curva-
ture pro le over a gait cycle from the estimated wavelengtnd atness

. The units of the colorbar are SVL. (b) The relationship between the
locomotion parameters (and ) and morphology parameter (the relative
hind limb lengthl). Red points with error bars correspond to the locomotion
parameters of). scopariaandS. olivaceu®n an aerated granular medium
to reduced the resistive force of the media. Note that we es@01for L.
praepeditaon the plot and that the abscissa is reversed (descending left to
right) to correspondtoFig. 2. . . . . .. .. ... ... .. .. ...... 127

Geometric mechanics analysis of the body-limb coordination in short

limbed, elongate lizards(a) The limb movement in short limbed, elongate
lizards follows the lateral couplet sequence (FR-HL-FL-HR). The phase
relationship of hip bending and hind limb movements are plotted in the
rightsidepanels. . . . . .. . .. .. . . .. ... 128

Geometric mechanics analysis of the body-limb coordination in short

limbed, elongate lizards(b) The shape space for short limbed, elongate
lizards. The body movements are prescribed by the reduced shape variable

w; andw,, and the limb contact states are inferred from the body move-
ments. Gaits can be represented by closed-loop paths in the shape space.

A standing wave gait path, a traveling wave gait path, and an intermediate
wave gait patharecompared. . . . . . . ... ... ... ... 129

Geometric mechanics analysis of the body-limb coordination in short
limbed, elongate lizards(c) Height functions to investigate the body un-
dulation in lizards with intermediate limbs. (left) Two strips emerged in
the height function for short limbed, elongate lizards, such that a circular
gait path can enclose signi cantly more surface than a attened elliptic gait
path. To further understand the two stripes, we calculated the height func-
tion for hypothetical lizards with one pair of limbs near the head (middle
panel) and near the tail (right panel). Each stripe is associated with a pair of
limbs, in which case a attened elliptic gait path can enclose suf cient sur-
face in the height function. The units of the colorbar @3¢ SVL ‘=racf).129

The weight distribution role of limbs in lizard locomotion (a) The body

weight can be supported by the limbs and the bodygdicates the fraction

of body weight supported by limbs. (b) Three typical gaits: the pace gait
(duty factor = 0.5, leg phase shift = 0) implemented by lizards with short
limbs, the LS (lateral sequence: duty factor = 0.5, leg phase shift = 0.25)

gait implemented by lizards with intermediate limbs, and the trot gait (duty
factor = 0.5, leg phase shift = 0.5) implemented by lizards with long limbs. . 131
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4.5

4.6

4.7

4.8

5.1

The weight distribution role of limbs in lizard locomotion (c) The rela-

tionship between and speed for (solid black curves) pace, (dashed blue
curves) LS, and (dashed red curves) trot gaits on lizards with (c.1) short,
(c.2) intermediate, and (c.3) long limbs. Potential tip-overs are indicated
byaredcross. . . . . . .. . 131

Traveling wave in fully limbed lizards induced by substrate variation
Comparison of the body wave dynamicsdrha scopariga) on sandpaper

and (b) on aloosely packed granular medium, and (c) on an aerated granular
medium. An almost perfect standing wave is observedJiora scoparia

on sandpaper and on the loosely packed granular medium, while features of
a traveling wave emerge ftdma scopariaon the aerated granular medium.
Resulting and are shown in Fig. Figure 4.3b. The units of the colorbar
areSVLIforallpanels. . .. ... ... ... ... . ... ... ..... 132

Geometric mechanics modeling for the robophysical experimentga)

The de nition of ; and , and the body-limb coordination in the 3-link
swimmer and 4 leg contacts.is the phase lag between the upper back and
lower back actuators. Right panel demonstrates how leg contact patterns
are coupled to the shape variables &nd ). On the lower right half of

the shape space, the contact patterns are counter-diagonal; on the upper left
half of the shape space, the contact patterns are diagonal. Examples of the
standing wave ( = 0) and the traveling wave (= =2) are compared in

the shape space. (b) Vector eld and height functions for modelling the
robophysical experiments on poppy seeds. The displacement can be ap-
proximated by the surface integral enclosed by the gait path over the height
function (right panels). The units of the colorbar at&8 ¢ SVL =radf).

Units of axes in (b) are identical to the shape spacein(a). . . . .. ... .. 133

Robophysical experimentga) Snapshots of robots (top panel: belly thrust;
bottom panel: no belly thrust) implementing standing wave=( 0) and

traveling wave ( = =2) gaits. (b) The effect of on locomotion perfor-
mance for robot with no belly thrust (blue curve) and robot with belly thrust
(orange curve). . . . . . e e 134

Legged and limbless robotic models studied in the papea. Quadrupedal
robot [176] b. Hexapod robot c. Myriapod robot with eight pairs of legs d.
Sidewinder robot [134]. All scale barsare5cm. . . . . .. ... ... ... 144
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5.2 Modelling multi-legged systems and sidewindersThe contact patterns
of some well-known gaits: (a.1) lateral sequence walking, (a.2) trotting,
and (a.3) pacing in quadrupeds; (b) alternating tripod in hexapods, (c.1)
retrograde-wave and (cc.2) direct-wave gaits in myriapods, and (d) sidewind-
ing in snake-like limbless robots,. For each system, these diagrams show
the variables included in the model, such as leg joint angiesnd body
joint angles (y 1y, whereN is the number of leg pairs for legged systems
or joint sets in the sidewinder. In the contact sequence diagrams, lled
blocks represent stance phase, and open blocks represent swing phase. (e)
A general contact pattern table. The blue arrow represents the duty factor
D. The red arrow represents the lateral phase lag, denote gait phase.
(f) Hildebrand plots with two parameteBsand | to characterize the mo-
tions in the vertical plane. We labeled the region associated with walking,
running, lateral sequence (LS) and diagonal sequence (DS) gaits. . . . . . 147

5.3 An example of gait design for a hexapod using Hildebrand gait princi-
ples and geometric mechanicd=rom the parameter space (a.1), we select
the duty factorD and lateral phase lag,;. We prescribe the contact by
its phase . (a.2), and the lateral body undulation by its phagéa.3). (b)
The gait parameters determine the equations of motion, which in turn are
used to derive a height function, and design a gait. The gait path (the pur-
ple curve) shown maximizes the volume enclosed in the lower right corner
(in solid shadow) minus the volume enclosed in the upper left corner (in
dashed shadow). The left panel is the toroidal visualization of the height
function, the right panel is the Euclidean visualization of the height func-
tion. (c) Typical con gurations in which the robot is statically stable (c.1),
statically unstable (c.2) and unstable (¢.3) . .. ... ... ... ...... 152

5.4 Snapshots of the numerical simulation showing examples of two pre-
scribed myriapod gaits. (a) statically unstable, ;; = 0:92, D = 0:5 and
(b) statically stable | = 0:5, D = 0:5. We compared the gait with straight
xed body (top) and gaits with coordinated body undulation (bottom). The
displacement, in body length (BL) per cycle, are labeled with a red arrow.
The black/white circles show the stance/swing phase of the feet. . . . . . . 153
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5.5

5.5

5.6

5.6

Trade-off between speed and static stability in quadruped, hexapod,
myriapod, and sidewinding systems.Theoretically predicted static sta-
bility (left column), displacement in body lengths per cycle (BLC) with
xed straight back (middle column), and displacement with coordinated
lateral body undulation (right column) over the space of Hildebrand pa-
rameterdd and |4, for the quadruped (a), hexapod (b), myriapod (c) and
sidewinder (d). White space in all panels represents the regions where un-
stable con gurations exist (Figure 5.3c.3); we de ned static stability to be
zero in those regions. Note that static stability of the quadruped, hexapod
and myriapod is numerically calculated for con gurations with a straight
backbone. The static stability of the sidewinder is numerically calculated
for gaits with coordinated lateral body undulation. Note that we only con-
sider gaits where unstable con gurations (Figure 5.3¢.3) do not occur. Axes
in each sub- gure are identical. The color-maps in each column are identical. 155

Trade-off between speed and static stability in quadruped, hexapod,
myriapod, and sidewinding systemsTheoretically predicted static stabil-

ity (left column), displacement in body lengths per cycle (BLC) with xed
straight back (middle column), and displacement with coordinated lateral
body undulation (right column) over the space of Hildebrand parambters

and |4, for the myriapod (c) and sidewinder (d). . . . .. .. ... .. .. 156

Veri cation of the theoretically generated gaits in the robotic mod-
els (left column) Gait cycle of each robot (a: quadrup&l= 0:75 and

at = 0:5; b: hexapodD = 0:5and |5 = 0:3). The arrows show the direc-
tion of locomotion andr is one gait cycle. The center of mass trajectories
(yellow) are given in the last snapshots. (Middle column) The comparison
of simulations (solid curves) and experimental data (curves with error bar)
of displacement over time for each system. Two gaits with body undulation
coordinated with geometric mechanics (GM) are illustrated for each sys-
tem. (Right column) The relationship between the lateral phase lag,
and the displacement for the same system either with xed straight back-
bone (red) or with coordinated lateral body undulation (blue). The color
scheme and axes in (b, c, d) arethe sameasin(a). . . . .. ... ... ... 157

Veri cation of the theoretically generated gaits in the robotic models

(left column) Gait cycle of each robot (c: myriapdd = 0.5, 5 = 0:1; d:
sidewinder). The color scheme and axes in (b, ¢, d) are the same asin (a). . 158
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5.7 The effect of static stability on locomotion performance.In the left col-
umn (a.), the body roll and pitch over the course of the hexapod experiments
are recorded as a function of gait fraction. Three g@ts(0:5, ot = 0:65
in purple;D = 0:5, i = 0:45inred; andD = 0.5, 5 = 0:15in yellow)
in Hildebrand gait space are compared. In the middle row, we show the
theoretical prediction of static stability as a function of lateral phase lag. In
the bottom row, we show the averaggD experimental body roll and pitch
as a function of the lateral phase lag. In the right column, (b.), a similar
analysis is performed for the sidewinder experiments. The top-right shows
the trajectory of body motion over six gait cycles, where the color scale
represents the evolution of time. We marked the initial position of the robot
in the black circles. In the middle row, we showed the theoretical prediction
of static stability as a function of lateral phase lag. In the bottom panel of
Fig 7b, The body yaw angle is recorded as a function of lateral phase lag. . 159

5.8 Physical intuition in body-leg coordination (a) The relationship between

lat, lateral phase lag, and,, the optimal phasing between body and leg.

be IS NuMerically calculated from a height function (Figure 5.3). The em-
pirical data for the hexapod (blue circle) and myriapod (red circle) are com-
pared. (b) Consider a quadrupedal “sub-unit” consisting of two pairs of
legs and one body-joint. The Hildebrand prescription allows us to write the
phase relation of each leg and the body bending with respect to the fore right
leg (FR). (c) To maximize locomotive performance with body-bending, at
FL (fore left) and HR (hind right) touchdown, the body is bent clockwise;
and at FR (fore right) and HL (hind left) touchdown, the body is bent coun-
terclockwise [176]. Given this empirical relation, (e +122),
the HL/FR and HR/FL touchdown phases are symmetrically distributed
around the peaks of the bending trajectory, which we use to coordinate
body-bending with footcontacts. . . . . . .. .. .. ... ... ...... 160

5.9 Analysis of salamander Salamandra salamandrglocomotion using the
Hildebrand framework and geometric mechanicga.1) Estimation of the
duty factor,D, and lateral phase lag, from animal joint angle trajecto-
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5.10 Analysis of centipede Scolopendra polymorphalocomotion using the

Hildebrand framework and geometric mechanicga.1) Estimation of the

duty factor, D, and lateral phase lag, o from animal joint trajectories.

The colorbar here denotes the shoulder joint angle for each leg on right-
hand side. (a.2) Estimated gait parameferand |, for the centipede's
locomotion. (b.1) Estimating,. from body phase and leg phase. (b.2) Re-
lationship between . and the speed, measured in body lengths per cycle.
The prediction made with geometric mechanics is shown as solid curves.
The measured centipede data is presented by crosses in the same color as
their corresponding prediction curves, where the length and height of the
crosses denote the standard deviation of the measured animal data. The
scale bar near the centipede photo indicates 30mm. . . . ... ... .. .. 162

5.11 Supporting force distribution (a) An example of the myriapod model. In
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this example, the robot is supported by eight legs. For a leg i, it provides
supporting force\;. Its location is labeled d%; y;]. The location of center

of mass is labelefix. y¢]. (b) The robots with hybrid contact with environ-
ments. The body segments in stance phase are labelled by red circle. (c)
The illustration of the force-velocity relationship. (Left) The vector of body
velocity ( ) and GRFf on the body segment in contact with environments

(red cube). (Right) The decomposition of body velocity and GRF in the
direction of body orientation. . . . . .. ... ... ... ... ... 171

Swimming in terrestrial environments (a) Top view of a robophysical
device swimming on frictionalground. . . . . . . ... .. ... ... ... 175

Swimming in terrestrial environments (b) The patterns of lifting and
landing of contralateral feet. Each row represents the contact states of
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device lifting (i) left and (ii) right feet of the rstmodule . . . .. ... .. 175

Swimming in terrestrial environments (c) Trajectory of backbone during
terrestrial swimming (poay = =3, 1eg = 0, N = 6) colored by time. (d)

(left) Displacement andRigh{ velocity pro le of terrestrial swimming.

We compared the experimental data with dynamical simulation (brown
curve) and quasi-static simulation (blue curve) for body-dominated terres-

trial swimming. After the transient development, both experiments dynam-

ical simulation converge to a limit cycle similar to quasi-static simulation. . 176
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The geometric nature of terrestrial swimming (a) Robot (i = 6) imple-

menting the same gait ¢oay = =3, g = 0) under different temporal
frequencies. l(eff) The development of displacement as a function of time
under different temporal frequencie®igh? The step length is stable over

a range of temporal frequencies. Dashed lines represent prediction from
quasi-static simulation. . . . . . . ... L 177

The geometric nature of terrestrial swimming (b) Robot implementing

the same gait under different substrate (different friction coef cienjs,

(Left) The development of velocity as a function of time. Despite the initial
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quasi-static velocity pro les after one gait cycl&®ighf The saturated step

length is stable over a range of friction coefcient. . . .. ... ... ... 177

The geometric nature of terrestrial swimming (c) Experimental veri -
cation of force-velocity relationship Gogy = =3, g = 0, n = 8). We

test the relationship between the whole body drag force and the velocity
by measuring the speed of robots on slopes. We compared two spatial fre-
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Direction of limb slipping (i) Typical trajectories of foot tips of robophysi-
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Performance space of multi-legged terrestrial locomotion.We charac-
terize the terrestrial locomotion using a performance space consisting of
the amplitudes of body undulation and leg movement. (a) The heat map
of velocity (v, unit: cm/cycle) over the performance space for robophysi-
cal model with [eft) 4, (right) 8 pairs of limbs.n is the number of limb
pairs. Note that optimal terrestrial locomotion (the highest velocity) occurs
at “hybrid” region whenN = 4 and at body-dominated whe¥h = 8. (bot-

tom) We showed the snapshots of body con gurations over a cycles for (i)
N = 4, body = 60, leg = 15, (II) N = 4, body = 0, leg = 45, and

(i) N =28, poay=60, 1eg= 0. (b)The transition of optimal terrestrial
locomotion from leg-dominated to body-dominated as the number of leg
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Advantage of body-dominated terrestrial swimming in obstacle-rich
environments (a.1) A snapshot of robonh(= 6) moving on obstacle-rich
environments ( = 0:06). Cartoon illustration of interaction between robot
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We quantify the degree of body and leg use by tan *( 1eg= boay). (D)
Comparison of locomotion performance in homogeneous (curves with er-
ror bar in green colors), heterogeneous environments (curves with error bar
in black color), and theoretical predictions from Equation 6.6 (curves and
areas in light brown color). From top to bottom the at line descended from
isoheight lines withv = 18cm/cycle,v = 18cm/cycle, ands = 18cm/cycle. . 182

Analysis of centipede locomotior{a) (Ieft) Snapshots of a trial of (i) body-
dominated and (ii) leg-dominated centipede locomotiamgh¢) The tra-

jectory of foot slipping colored by time. The stance phase spans 0.4 sec-
onds.Trajectory of centipede body during terrestrial swimming colored by
time. (b) The {op) displacement andbbttomn) velocity pro les. Measured

animal data is presented in cycles and the predictions from quasi-static
model is presented in bluecurve. . . . . . .. ... ... L L. 183

Analysis of centipede locomotion(c) The transition from leg-dominated

gaits to swimming dominated gaits as speed increases. In each centipede
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7.1 An analogy between signal transmission and matter transportation.
(a) The owchart of signal transmission. We compare analog and digital
signal transmission through noisy wires. Digital redundant signal allows
reliable transmission through a noisy wire via either redundancy or a re-
transmission channel. (b) Matter transportation with both continuous and
discrete active contacts can be effective on perfect tracks. Discrete redun-
dant contacts enable robust matter transportation over rugose tracks via re-
dundancy or environmental awareness. (c) Multi-legged robophysical loco-
motors traverse noisy landscapes: (eff). pebbles, (c.Iniddle stairs and
slopes, (c.Tight) entangled granular media, and (c.2) a laboratory model
ofrugoseterrain. . . . . . . ... e e 196

7.2 Encoding and decoding of signal transmission and matter transporta-
tion. (a) The analogy of (a.1) signal transmission (adapted from [112]) and
(a.2) locomotion (matter transportation). (b.i) The matter to be transported
to a destinatioD. (b.ii) The desired bac sequence to reach the locomotion
destination. (b.iii) Noisy landscapes can introduce contact errors such as
delaying bacs and shortening the duration of bacs. We labeled the desired
bac (spans the duration of and two terrain-contaminated bacs (starts; at
with duration ). (b.vi) The actual bac sequence (contaminated by contact
errors). (b.v) The actual locomotion destinatbn. . . . . . .. ... ... 197

7.3 Numerical veri cation of the suf ciency to bound contact errors via
redundancy. (a.l) (eft) An illustration of thrust generation from bacs.
(Righi) lllustrations of the relationship between thrust and velocity. Self-
propulsion with (i) nominal contact and (ii) contact errors are compared.
(a.2) Left) The instantaneous thrug(t) as a function of time, derived
from [235]. (mid) The cumulative distribution function of,. (Right) The
thrust-velocity (normalized by nominal velocity) relationship. (b.1) The nu-
merical histogram of terrain-disturbed thrust for robots with different com-
binations of temporalT) and spatial N) redundancy. (b.2) Numerically
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comotion with 95% con dence interval (Cl), plotted against noise lelogl (
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Experimental veri cation of the suf ciency to bound contact errors

via redundancy. (a) Rugose terrains with rugosity (a.Ry = 0:17 and
(a.2)Ry = 0:32. The block height distribution is shown on the right panel.
(b) The correlation between bac duration and locomotion velocity of a 12-
legged robots on rugose terrains. Color schemes are identical to (a). (c) For
robot with different number of leg paif$, we recorded |p-sq), the number

of periods required to transpdit = 60cm on terrains with (bluefR; = 0,
(green)Ry = 0:17, and (black)Ry = 0:32. The error bar was calculated
from at least 10 trialsT;p-g¢) for contact modulated gaits are illustrated in
the purple rectangle. (d) The empirical distribution of velocity on terrains
with (d.1)Ry = 0:17and (d.2)Ry = 0:32. Effect of temporal redundancy on
(Top) the 6-legged robot andpttom) the 12-legged robot. Non-negligible
locomotion failure is observed when there is not suf cient redundancy. The
empirical distributions were obtained from 30 trials. . . . ... ... ... 204

Robophysical model (a) CAD of one module of the robot. The legs are
out-of-phase and their up/down and fore/aft positions are controlled by two

AX 12A motors. The body motor (2XL 430) controls the lateral undulation

of the body. Body angle and legs are coupled to each other with a hip and

a undulation connector. Inset shows the max lifting angle)(60the leg.

(c) Overall sketch of a 12-leggedrobot. . . . . . . .. .. ... ... .... 209

Leg compliance design(a) Working principle of inward compliance. Re-

turn rubber bands connect legs and the hip connector. Drag forces from
rubber bands support the weight of each module of the robot. Rubber bands
also recover the lifted leg to its neutral position when the leg up/down mo-

tor stops lifting. (b)Working principle of the directional exible (bends

from head to tail) leg with a return rubber band. The leg approaches the
obstacle, pivots around the tip, and bends. After it passes the obstacle, the
rubber band returns the leg to its neutral position. Black arrow indicates the
moving direction of therobot. . . . . . . .. .. ... ... ... ... 210

Robot connection The PC input control signals to the robot via a Robo-
tis U2D2 USB communication converter. A DC power supply HY3050E
provides power forthemotors. . . . .. ... .. .. ... ... ..., 211

Tracking system setup (a). Four 4 OptiTrack prime 13w cameras are
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Contact error. (Top) Side view of robot on rugose terrain. Missing steps
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7.10 Contact modulation. Snapshots of (a) top view and (b) side view of con-
tact modulated gaits. Note that for modules in the concave part of the verti-
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CHAPTER 1
INTRODUCTION

1.1 Overview

The transport of physical matter is an important aspect in human society and biological
systems. Locomotion as a means of matter transport has been thoroughly studied in various
forms[1, 2, 3, 4], where a core concept is to actively generate thrust against drag to develop
“self-propulsion”. In aerial and aquatic environments, locomotors are often submerged in a
continuous medium where the thrust is generated from continuous interaction between the
locomotor and the media [5, 6]. In other words, the thrust is continuous with respect to both
time and position on a locomotor body [7]. In those cases, inertial forces typically dominate
over the frictional forces, a regime we will refer to as thertia-dominated locomotian
Terrestrial locomotion is particularly interesting because it occurs at the interfaces
among multiple media [11] where the heterogeneous spatial terrestrial structures can in-
terfere with thrust generation. To counter the terrestrial heterogeneity and its effects on
locomotion, humans have built costly at platforms, such as tracks and roads. In particu-
lar, the conveyance arising from wheels on tracks/roads is believed to be one of the most
ef cient terrestrial matter transportation schemes [5]. This wheeled terrestrial locomo-
tion, however, shares a property of continuous thrust akin to aerial and aquatic locomotion,
where thrust generation relies heavily on the homogeneity of the established platforms [12]
and lacks generality towards more complex terrestrial environments [13]. In environments
where construction of homogeneous platforms is inconvenient, researchers have either in-
creased the size of the wheels [14] or have developed appendage based self-propulsion,

such as legs [15] and vertical waves of contact in limbless locomotors [16].



Figure 1.1: Aerial, aquatic, and terrestrial locomotion (a) Aquatic locomotion of sh
swimming [8]. (b) Aerial locomotion of bird ight [9]. In both cases, the reaction force
from the interaction between locomotor and environment is continuous temporally and
spatially. (c) Terrestrial locomotion of human [10], where appendages (legs) periodically
make and break contact with substrate.

1.1.1 Conventionaleggediocomotion

A simple self-propulsion principle to govern conventional legged locomotion (e.g., bipeds
or quadrupeds) is to protraauring stance phase (which makes contact) and rétdact

ing swing phase (which breaks contact) [17, 15]. The challenges of conventional legged
locomotion then lie in properly controlling the dynamics of appendages to avoid potentially
catastrophic loss of stability and thereby execute such self-propulsion principles. Given the
importance of stability in legged locomotion, legged locomotion is stereotypsichlaiity-

driven locomotionpwhere the coordination of body inertia can be important for balance and
self-righting [18, 19, 20, 21, 22, 23, 4, 24]. State-of-art legged systems tend to be classi ed

into one of several categories, including planning for appropriate foot contacts to maintain

Limbs generate thrust by swinging from anterior to posterior.
2Limbs restore their positions from posterior to anterior.



static stability during each phase of the step [18, 19, 20, 21, 22], or relying on dynamical

stability by proper inertia management [23, 4, 24].

Figure 1.2:Footfall pattern planning on rigid at terrain Front view of OSU hexapod
vehicle and the footfall pattern planning algorithm. Figures are adapted from [18].

One of the most popular approaches is to plan for foot contacts to enforce the static sta-
bility of the locomotor. Foot placement determines a sequence of locations on the ground
where a system places the distal-most portion of its limbs. McGhee and Iswandhi [18] in-
troduced a heuristic gait-planning algorithm for legged robots by maximizing the stability
margin (the distance from the center of mass to the supporting polygon in the direction of
travel) and minimizing kinematic margin (the distance that the foothold of a given leg can
travel in the opposite direction of motion before reaching the boundary of its workspace).
Although this algorithm was adequate for hexapods, it is not as well suited to quadrupeds
because quadrupeds have more strict stability criteria. Bai et al. [25] applied a similar
approach to quadrupeds, which took a lateral sequence walk (leg lifting follows the se-
guence: left hind leg, left front leg, right hind leg, right front leg [17]) as a primary gait
and successfully adapted it to the environment. These ideas were applied to the Little Dog
platform [19, 22], where the footsteps are planned and implemented across rough terrain in
the presence of disturbances.

More recently, machine learning tools and algorithms have been applied to design leg

movements during locomotion. Kim et al. [26] applied Powell's minimization method [27]
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to design a periodic footfall pattern for quadrupedal robots that was faster and more sta-
ble than previous hand-optimized gaits in the RoboCup soccer competition. Kohl and
Stone [28] parameterized leg movements basetbous foot trajectory [29], then opti-

mized these parameters to improve locomotion speed by some established machine learn-
ing algorithms. With improved physical simulator and learning robust policies, Tan et
al. [30] trained robot control policy in simulation and successfully implemented trotting

and galloping gaits on agile quadrupedal robots in real world.

Figure 1.3:Machine learning in legged locomotion(Left) Early work using reinforce-
ment learning to optimize quadruped gait [18]. (Right) Recent work of legged locomotion
using deep reinforcement learning [30].

Inspired by analogous ideas from biology, the central pattern generator (CPG) approach
uses periodic signals to drive body joint trajectories in shape space for locomotion or other
repetitive tasks [1, 31, 32, 33, 34] to augment the performance of an existing footfall pat-
tern. ljspeert et al. [35] showed that CPGs can produce body-limb coordinated movements
for the locomotion of a salamander robot, as well as generate gait transitions among dif-
ferent forward gait motions of varying speed. Using CPG analytic tools, prior work [36,

37, 38] demonstrated that the body-limb coordination used by salamanders optimizes their



forward speed and produces turning motion. Following this idea, Owaki et al. [39] in-
vestigated the mechanisms of inter-limb coordination which exhibited good adaptability to

changes in walking speed of a quadrupedal robot.

1.1.2 Unconventionaleggedsystems

Locomotion is also an essential behavior observed in biological systems [40, 41, 42].
Animals can use seemingly simple rhythmic body (and/or leg) movements to traverse
their natural terrains. In organisms as diverse as galloping horses [17], fast-walking cen-
tipedes [43], sidewinding snakes [44, 45], and undulatory lizards [46], properly coordinated
self-deformation can generate thrust through interactions with substrates and cause self-
propulsion. A major challenge in locomotor biology (which is echoed in design of robots
with life-like capabilities [47, 48]) is to discover general principles of self-propulsion which
govern how organisms generate and control fast, stable, or energetically ef cient locomo-
tion.

However, aside from extensive studies on conventional bipedal and quadrupedal loco-
motors, the principles of unconventional locomotors, such as centipedes and sidewinders as
we listed earlier, are less studied. Speci cally, because of additional legs or belly contact,
the stability of centipedes or sidewinders have limited impact on the overall locomotion be-
havior. It remains unclear how centipedes or sidewinders coordinate their body appendages
to generate thrust.

To explore such principles, researchers divide general locomotion control into templates
and anchors [15, 49, 50, 51, 52, 53, 54]. Speci cally, a template is the simplest locomotion
model with the least number of variables and parameters and a anchor is the elaborated
model with morphological and physiological details. The template approach ignores the
complexity of organisms and seeks to discover broad (cross taxa) and relatively simple
patterns of dynamics. For example, the spring-loaded inverted pendulum is a template for

legged locomotion, which guided the development of various agile legged robots [55, 56,



Figure 1.4:Central pattern generator (CPG) for locomotion (Left) Early work of CPG
to study body-limb coordination by oscillation coupling of a salamander robot [35]. (Right)
Recent work of CPG to study inter-limb coordination [39].

57, 58] and generate insight into biological legged locomotion [59].

Despite the simplicity of the template-anchor approach, in some cases, the morpho-
logical features can also affect the overall locomotion strategy/performance. For example,
stereotyped snakes and lizards have distinct body movement patterns: snakes primarily use
traveling wave body undulations to generate thrust [60, 61, 62, 63]. Lizards use a standing
wave to assist limb retraction [64, 65]; and employ traveling waves of axial body undula-
tion at high speed [66, 67, 65], believed to help the limbs in transmitting forces along the
axis of progression [65]. Notably, the body morphology in lizards spans from fully limbed
and short bodied to elongate and limbless [68]. In lizards with short limbs and elongate
bodies, because of the proximity to the substrate, both the body and limbs directly con-
tribute to generating thrust and overcoming drag [65]. Since the short limbs of elongate
lizards typically cannot support the animal's body weight, the two propulsive mechanisms
(limb retraction and body undulation) can coexist, requiring proper coordination. Further,
the support of body weight must be properly distributed between the ventral surface of the
body and the limbs to facilitate effective thrust-generation mechanics. In other words, the

morphological features (anchors) of lizards can in turn affect the coordination between the



self-propulsion templates of body undulation and limb retraction.

Figure 1.5:Template-anchor for locomtoion(a) A template (spring-loaded inverted pen-
dulum) for legged locomotion [15]. (b) Application of template-anchor approach to study
robot legged locomotion [58]. (c) Application of template-anchor approach to study human
locomotion [59]

To elaborate our argument, we illustrate another example. Locomotion is typically sep-
arately studied in continuous media where bodies and legs experience forces generated by
the owing medium, or on solid substrates dominated by friction. In the former, centralized
whole-body coordination is believed to facilitate appropriate slipping through the medium
for self-propulsion. In the latter, slip is often assumed minimal and thus avoided by (lo-
cally) intra-limb coordination. While the bulk of prior work on terrestrial locomotors [69]
focused on systems with two or four legs, many biological, and increasingly robotic device,
possess multiple sets of limbs (e.g., cockroaches have six and centipedes can have up to 40
legs). In contrast to the few-legged systems in which an assumption of no-slip contact is
often feasible [70], for systems with more than four legs, there is a high possibility that

some slip has to occur during locomotion [71] because of kinematic constraint violations,
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(e.q., the BigAnt [71]). As we will discuss in Chapter 6, instead of avoiding slipping, multi-
legged locomotors can actively coordinate slips for effective propulsion. In other words,
as the number of legs increases (changes in anchors), locomotion in myriapods shifts from
slipping-avoidance to slip-driven (changes in templates).

In this way, on top of the sequential template-anchor hypothesis, there should also be a
reverse anchor-to-template adaptation where we can systematically explore the relationship
between the detailed morphology (what they have) and the governing locomotion principles
(how they move). In this thesis, we seek to elaborate such reverse anchor-to-template adap-
tation using a comparative biological, robophysical, and theoretical modeling approach.
Such comparative analyses allow us to predict and analyze animal and robot locomotion

behaviors according to their “anchors” (morphological and physiological features).

1.1.3 Geometricnechanics

To simplify the self-propulsion modeling, we assumed that the frictional forces dominate
over the inertial forces, which we will refer to &gyhly-damped locomotiorHere, cyclic
patterns of self-deformations solely dictate performance, in contrast to inertia dominated
systems where gliding (movement without shape changes) and stored/returned elastic en-
ergy can be utilized. An approach for analyzing such highly-damped locomotion, which
integrates thrust and drag forces over the body, was introduced in the early-to-mid 20th
century and goes by Resistive Force Theory (RFT). This method has successfully modeled
the kinematics of organisms in highly damped hydrodynamic and granular terradynamic
environments, like microorganisms and sand-swimmers [72, 63, 73, 11].

Despite the effectiveness of the RFT framework, its analysis typically involves labo-
rious calculations. For example, even in simple arti cial systems [76, 77, 78] to identify
parameters that result in optimal performance requires considerable computational effort,
comparing movements arising from an in nite combination of shape change sequences.

In the last 30 years, a framework referred to as “geometric mechanics” has been devel-



Figure 1.6: Resistive Force Theory (RFT) for locomotion(a) Early work in mid 20th
century to study self-propulsion in limbless locomotors[61]. (b) Recent work using RFT to
study locomotion on granular media [74]. (c) Recent work combining RFT and geometric
mechanics [75]

oped [79, 80, 81] as a general scheme to link locomotor performance to patterns of “self-
deformation”. This scheme replaces the laborious calculation with a geometric approach
to gain qualitative and quantitative insights into how animals and robots can generate op-
timal high level control templates to affect a desired behavior. In the geometric mechanics
framework, the motion of a self-propelling system is separated into a shap€ spaca
position space (position and orientation of the locomotor in the world frame). The relation-
ship between velocities in a shape space (joint angle velocities) and velocities in a position
space (body velocities of the locomotor) is called the local form ottihrenection A gait

then maps a periodic path in the shape space to a displacement in the position space. A
visualization tool known as height functions (the curl of the connection) [75, 82] is used
to analyze and design gaits. Prior work successfully advanced this scheme to enable gait

design for a limbless undulatory swimming system (a 3-link simmer) in highly damped

3Shape space describes the collection of all possible body-postures. Example of shape space include joint
angle space for limbless locomotors.



situations like dry, frictional granular media [75]. Importantly, the theoretical predictions
are in quantitative agreement with experimental measurements [75], demonstrating that the
geometric mechanics framework can be accurately and successfully applied to real-world
systems.

Height functions from geometric mechanics enable a comparatively simple, diagram-
matic approach. That is, the key utility of height functions is that they simplify the gait
design problem: providing ready identi cation of gaits that maximize performance in the
desired directions (e.g., forward speed or turning rate) in diverse systems. Height functions
also give a geometric understanding of bene ts and trade-offs of different self-deformation
patterns, without need for signi cant calculation. Most relevant to our interests, height
functions can aid the search in nding and optimizing control templates in the form of

families of closed curves in the con guration space.

1.2 Generalizing geometric mechanics to diverse locomotion systems

This thesis is organized in the following manner.

Chapter 2, which advances and uses geometric mechanics to study general limbless

locomotion, and

Chapter 3, which advances geometric mechanics to study body-leg coordination in

sprawled posture quadrupedal locomotion, and

Chapter 4, which applies geometric mechanics to study the lizard terrestrial swim-

ming in the context of lizard limblessness, and

Chapter 5, which uses geometric mechanics to study body-leg coordination in the

general multi-legged locomotor, and

Chapter 6, which advances geometric mechanics to study the slipping in multi-legged

locomotors.
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Chapter 7, which takes inspiration from information theory to illustrate the suf -

ciency of using redundant legs to counter terrain roughness.

The 3-link swimmer is one of the simplest systems that can generate self-propulsion.
In biological systems, swimmers can have many more internal degrees of freedoms [46].
In Chapter 2, we will advance concepts and tools within geometric mechanics to study
limbless locomotion. From principal component analysis (PCA) of forward motion in di-
verse biological limbless locomotors, we show that the essence of limbless locomotion
can be reduced to a two-dimensional con guration space. Aided by this low dimensional
representation, we can numerically calculate the height functions. Interestingly, parame-
ters governing the animals' chosen amplitude (of undulatory wave) nearly maximize the
forward speed according to our geometric analysis, which indicates that the animals are
controlling their self-deformation patterns to achieve near-optimal locomotor performance.

Although mathematically elegant, the use of geometric methods presumes idealized
constant contact between the system and the environment. In reality, many biological limb-
less locomotors are observed to lift a portion of their body, and therefore periodically make
and break contacts during locomotion [45]. In Chapter 2, we further introduce the concept
of contact function to couple the body-environment contact to shape space. With a proper
contact function [16], we can use geometric mechanics to explain a variety of limbless lo-
comotion behaviors, from straight sidewinding, to gradual differential turns, and to sharp
differential turns. Furthermore, using robot experiments, we show that the modulation of
contact function can lead to novel behaviors such as stable in-place turning. Towards the
end of Chapter 2, we will also discuss using geometric mechanics to design contact pat-
terns.

However, geometric mechanics has been mainly limited to study limbless locomo-
tion [83]. Legged animals, and increasingly robots, can use limbs to propel themselves
to maneuver across a variety of terrains [18, 19, 22, 23, 4]. In addition to these appendages,

undulatory body motions can also contribute to locomotor propulsion, even when not di-
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