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The transport of deformable self-propelling objects like bacteria, worms, snakes,
and robots through heterogeneous environments is poorly understood. Here we use
experiment, simulation, and theory to study a snake-like robot as it undulates without
sensory feedback through a linear array of boulder-like hemispherical obstacles. The
profile of the boulder landscape approximates a one-dimensional potential for quantum
waves introduced by Aubry and André (AA), who found that wave function localization
occurs when this potential is sufficiently aperiodic. This behavior is related to the
phenomenon of Anderson localization, where waves localize in the presence of a
sufficiently random potential. When the boulder landscape is periodic, the robot
passes through the array. But if the landscape is sufficiently aperiodic, the robot
becomes trapped. The metrics we use to quantify this transition—including exponential
distributions of robot position when localized—agree well with earlier experimental
and theoretical work on a localization transition that occurs when quantum waves
interact with the AA potential. A theoretical treatment of the robot’s motion using
resistive force theory modified to include spatially varying drag forces reproduces the
behavior we observe. Further, our results indicate that the transition is generated by
large fluctuations in the driving torques required for self-propulsion. These results
point to an unexpected connection between the Hamiltonian mechanics of quantum
and classical wave systems and the highly dissipative, continuously driven, and far-
from-equilibrium dynamics of active embodied waves in nonperiodic landscapes.

locomotion | localization | disordered media

Equations of motion derived for point particles subject to simple external forces make
predictions that agree well with experimental observations, e.g., electrons drifting through
a current-carrying wire, biomolecules diffusing through a gel, and asteroids hurtling
through space. Compared to these systems, less attention has been paid to systems that
actively self-deform and self-propel, e.g., bacteria that swim through fluids by rotating
their flagella (1, 2), snakes that move through sand by bending their bodies (3—-5) and
robots that use legs to walk on granular media (6). For locomotors of this kind, forward
motion results from environmental reaction forces such as friction and fluid drag. These
forces typically vary over both the length of the object and in time because they arise
in response to complex, internally powered and controlled body deformations. Unlike
a point particle, the principles that govern the transport of a self-propelled and self-
deforming object must reflect both the geometry of its self-deformations—known as
gaits—and the detailed nature of the reaction forces exerted on it by its environment.
Despite these complications, researchers from various disciplines have developed
useful descriptions of the self-propulsion of objects through environments that are
homogeneous and isotropic (1-4, 7-12). The same cannot be said for environments
that are inhomogeneous in space, time, or both. In the living world, this is the situation
faced by spermatozoa swimming in complex heterogeneous fluids, snakes slithering
through a garden, and horses competing in a steeplechase. In the human-made world,
familiar examples include autonomous search-and-rescue robots (13), extraterrestrial
rovers (14, 15), and agricultural robots design to survey and protect crops (16, 17).
Previous work revealed that snakes, nematode worms, and an elongated limbless robot
successfully traverse certain periodically heterogeneous environments by exploiting a
strategy they typically use to traverse homogeneous environments. That is, they impose
a quasi-sinusoidal bending wave over the length of their bodies (18-24). In one study,
snakes and an undulating robot deforming in this way passed through a one-dimensional
array of vertical posts in a manner reminiscent of the way light diffracts from an array of
equally spaced slits cut into an opaque screen (20, 21). In another study, nematode worms
and a limbless snake-like robot passed through a two-dimensional array of vertical posts

PNAS 2026 Vol. 123 No.8 2519118123

https://doi.org/10.1073/pnas.2519118123

Significance

Recent work has demonstrated
that undulating self-propelling
systems (like elongate robots and
snakes) in ordered environments
mimic aspects of diffracting and
scattering electrons and photons.
Here, we study the dynamics

of an undulating robot in a
one-dimensional disordered land-
scape. Laboratory experiments,
simulations, and a generalization
of resistive force theory reveal that
such a system undergoes a local-
ization transition as the aperiodic-
ity of the landscape increases. The
transition quantitatively resem-
bles the transition in the Aubry-
André model of electron transport
in one-dimensional pseudoran-
dom potentials; this model is an
alternative to the better-known
case of Anderson localization in
truly randomly disordered lattices.
This work demonstrates the
surprising utility of applying tools
from condensed matter physics
to understanding locomotion

in disordered environments.

Author contributions: CJ.P., TW., and D.|.G. designed
research; CJ.P., T.W., and D.K. performed research; C.J.P.
and T.W. contributed new reagents/analytic tools; CJ.P.,
T.W., D.K,, and A.Z. analyzed data; and CJ.P.,, TW,, AZ,
and D.I.G. wrote the paper.

The authors declare no competing interest.

This article is a PNAS Direct Submission. M.G. is a guest
editor invited by the Editorial Board.

Copyright ©® 2026 the Author(s). Published by PNAS.
This article is distributed under Creative Commons
Attribution-NonCommercial-NoDerivatives License 4.0
(CC BY-NC-ND).

1CJ.P. and T.W. contributed equally to this work.

270 whom correspondence may be addressed. Email:
daniel.goldman@physics.gatech.edu.

This article contains supporting information online
at https://www.pnas.org/lookup/suppl/doi:10.1073/pnas.
2519118123/-/DCSupplemental.

Published February 17, 2026.

10f 12


http://crossmark.crossref.org/dialog/?doi=10.1073/pnas.2519118123&domain=pdf&date_stamp=2026-02-13
https://orcid.org/0009-0005-2058-4669
https://orcid.org/0000-0001-9012-838X
https://orcid.org/0009-0002-6990-0958
https://orcid.org/0000-0002-6954-9857
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:daniel.goldman@physics.gatech.edu
https://www.pnas.org/lookup/suppl/doi:10.1073/pnas.2519118123/-/DCSupplemental
https://www.pnas.org/lookup/suppl/doi:10.1073/pnas.2519118123/-/DCSupplemental

Downloaded from https://www.pnas.org by GEORGIA INSTITUTE OF TECHNOLOGY ; SERIALS CONTROL-EBS on February 17, 2026 from | P address 73.97.222.162.

at constant speed by mimicking the Bragg condition of crys-
tallography and matching (approximately) their undulation
wavelength to the periodicity of the array (22). When the
undulation wavelength was not matched correctly, the robot
failed to move, and instead jammed itself in between the obstacles.

Natural terrains are rarely periodic, and tools for under-
standing self-propulsion in aperiodic environments are lacking.
Therefore, as a step toward identifying the principles of self-
propulsion in such environments, here we exploit experiments,
simulations, and theoretical calculations to study the quasi-one-
dimensional locomotion of a limbless and self-propelled snake-
like robot through periodic and aperiodic terrains. The robot uses
sinusoidal deformations of its body—without sensory feedback—
to traverse a straight, narrow channel containing a linear array
of hemispherical obstacles. The undulating robot passes through
the channel at constant speed when the arrangement of boulders
is periodic. However, when the boulder arrangement includes
a sufficiently large aperiodic component, the robot becomes
trapped along the channel. We demonstrate a striking similarity
between our robot’s transition from a ballistic state to a localized
state and the transition made by a quantum wave from a freely
propagating state to a localized state when both interact with
a sufficiently aperiodic environment. Theoretical calculations
using a generalized form of resistive force theory reproduce
our observations, indicating how analogies with models from
condensed matter physics and wave optics can lead to principles
governing self-propulsion in nonperiodic landscapes.

Results and Discussion

Undulating Transportin Periodic and Aperiodic Terrains: Exper-
iment. Our snake-like robot was constructed from asetof N = 9
servomotors (Dynamixel XC330-M288-T) connected by hinged
joints (Fig. 1A4). To mimic the undulatory gaits observed for
certain snakes, nematode worms, and sandfish lizards (12), we
imposed a “serpenoid” (25) deformation pattern on the robot’s
body (Fig. 1 B and C) by specifying that the joint angles vary in
time as (Fig. 1B)

() = Asin(2em/N — wt), m=1,...N. [1]

This produces an approximately sinusoidal bending wave of
lateral displacement that travels from the robot’s head to its tail
over one period.* We used 4 = 50° and @ = 0.0625 s~!
for all the work reported in this paper. The robot’s joints
are actuated by servomotors operating under position control.
Each motor includes a built-in low-level PD controller, with
default proportional and derivative gains set to Kp = 8.5 and
Kp = 31.2, respectively. To complement our experiments,
we developed a multibody simulation,” which replicates the
mechanical properties and control strategies of the physical robot.
These simulations reproduce the behavior of the real robot well
and therefore allowed us to systematically explore a broader range
of parameter variation on a scale impractical for physical trials
alone. As in our previous experiments (22), we operated the
robot in a regime where coasting (12) is negligible. That is, self-
propulsion ceases almost immediately when the deformations
cease because frictional dissipation dominates inertia (27).

We limited our robot to quasi-one-dimensional motion by
confining it to a straight channel formed by two parallel rigid

*Because the number of joints is finite, it is necessary to multiply the factor of 2zm/N in
Eq. 1 by a factor of (N + 1)/N.

TUsing Coppeliasim (26).
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Fig. 1. A snake-like robot and its self-propelled motion through a narrow
channel lined with rigid hemispherical boulders. (A) Arobot made from N =9
servo-motors connected serially at hinged joints interacts with an obstacle
course of 3D-printed truncated spheres (one wall of the channel has been
removed for visibility); (B7) The angle am at each of N hinged joints is specified
as a function time to produce bending waves which move from the head
to the tail; (B2) The serpenoid gait of the moving robot which results from
the specification of the angles in (B7); (C) h = 0: Upper panel side view
shows the periodic base lattice of boulders; lower panel Top view shows
ballistic motion through the channel; (D) h = 0.65 d: The robot moves forward
initially, oscillates around a trapping point, escapes, and stops farther down
the channel because it deforms and the motors cannot supply the torque
required to return the joint angles to the values needed to maintain the
serpenoid shape; () h = d: The robot which moves forward initially but
almost immediately stops by wedging itself between the boulder array and
the side wall.

walls. Inside the channel, we arranged obstacles in a pattern
inspired by a potential introduced by Aubry and André (AA) to
study the localization of electrons in one-dimensional aperiodic
lattices (28); for a useful pedagogical discussion of the AA model,
see ref. 29. This potential can be thought of as a pseudorandomly
disordered version of the truly randomly disordered potential
used by Anderson in his pioneering study of electron localization
(30). In the AA model, electrons interact with a base potential
o sin(kx) and a perturbation potential o< sin(fkx). The
eigensolutions associated with the AA potential change character
from propagating to localized as a function of the value of the
commensurability parameter § and the relative amplitude of the
two components of the potential (31, 32).

In detail, we first placed in the channel a row of equally spaced
3D-printed spheres (diameter 4 = 6.3 cm) truncated so their
tops lay a distance s = 0.2 4 above the channel floor (70p panel
of Fig. 10).¥ The separation a between neighboring spheres
(hereafter “boulders”) was chosen as one-half the wavelength
of the deformation wave imposed on the robot. This choice
facilitates the transmission of the robot through the array (22).
To this periodic array of boulders, we added a perturbation in
the form of a second row of equally spaced boulders with nearest-
neighbor separation «/f and truncated so their tops lay a height

¥This was the smallest value of s where the robot moved one body length per one cycle
of the imposed deformation wave.
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b above the channel floor. For convenience, we will use the term
“AA terrain” when referring to this obstacle course inside the
channel. Our experiments and simulations consisted of placing
the robot at one end of the channel, initiating the gait sequence,
and measuring its body shape and center-of-mass position as a
function of time for different values of f and different heights
of the perturbing boulder array between 4 = 0 (fully buried) to
h = d (fully exposed).

We begin with f# = (+/5 — 1)/2. This choice of an irrational
number implies that the two boulder lattices are incommensurate.
Our principal observation is that the robot’s dynamics change
dramatically as a function of the height of the perturbing
boulders. When only the base periodic array of boulders is present
(h = 0), the robot passes through the channel at constant speed.
Any value » > 0 presents the robot with an aperiodic terrain,
and we find that there are intermittent periods when it moves
backward in the channel. These periods of backward motion
become more frequent as 4 increases until, finally, the robot fails
to exit the channel altogether. This happens in one of two ways:
i) the robot becomes dynamically trapped and oscillates around
some point in the channel (Fig. 1D); or, much more frequently,
ii) we terminate the trial and localize the robot at that point
because it flips out of the lattice (e.g., rotates significantly out
of the plane of the boulders), a servomotor overloads, it wedges
itself against the channel wall, or the servomotors are otherwise
unable to provide the bending torques needed to maintain
the prescribed serpenoid shape (Fig. 1F), and thus fails to
produce forward thrust. Of the terminated trials ~70% occurred
due to failure to produce the serpenoid shape/servomotor
overloading, ~20% involved wedging, and ~10% involved
flipping.

Fig. 24 illustrates the distance X(¢) the robot travels down the
channel as a function of time for a typical trial for several values
of h. The straight line for » = 0 (black) reflects ballistic transport
through the periodic base lattice. The # = 0.54 trial (green)
begins with the robot moving forward at not quite constant
speed due to the presence of short backward motion events.
It then becomes trapped in an oscillatory state for some time,
escapes, and then gets trapped in a second oscillatory state farther
down the channel until the trial ends. The # = 0.65 4 trial (blue)
begins similarly but ends abruptly by (horizontal dashed line).
The b = d trial (red) features a quick termination very near the
channel entrance.

Fig. 2B summarizes the results of many experimental and
simulation trials as a function of A/d. The Left scale and the
data points report the average distance (D) traveled by the robot
before it exits the channel or localizes. The Right scale and the
dotted blue curve indicate the probability that a trial ends by
termination. Beginning with the #/d = 0 case of ballistic motion
through the base lattice, the robot’s mean travel distance decreases
as h/d increases because the frequencies of both backward motion
events and transient oscillatory trapping events increase. The
precipitous drop in (D) around /4 = 0.6 signals that a dramatic
change in the dynamics has occurred. After this transition, the
robot almost always localizes by termination soon after it enters
the channel.

For many particle transport problems, it is possible to identify

dynamical transitions from the fact that the mean square

displacement (MSD) varies at long times as (X2(2)) ~ at?.

For example, Mokhtari and Zippelius (33) simulated the motion
of active filaments through a porous medium and discovered
a transition from ballistic (6 = 2) to diffusive (6 = 1) to
localized (4 = 0) behavior as a function of the stiffness of the
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filament. In a similar way, the MSD exponent we calculate from
our robot data (experiment and simulation) demonstrates that
localization replaces ballistic motion when 4/d exceed a critical
value (Fig. 20).

Statistical distributions of the total travel distance D provide
another quantitative measure of transport change. We plot these
distributions as solid curves in Fig. 34 for the same values of //d
used in Fig. 24. This illustrates the transport behavior before
(green), during (blue), and after (red) the transition. Fitting

these distributions to the function Ae~(P~P0)* (dashed curves
A 8 h=0
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Fig. 2. Robot Trajectory data for § = (+/5—1)/2. (A) Distance traveled down
the channel (in units of the wavelength of the bending wave) as a function
of time (in units of the period of the deformation wave) for a typical trial
for four values of the perturbing lattice height h. (B) Left scale and data
points: the average distance traveled before localization or exit from channel,
divided by the number of completed deformation wave periods (in units of
the undulatory wavelength). The small open circles are experimental points;
the three colored circles correspond to the three colored curves in Fig. 2A. The
small filled circles are from the simulation. The SDs are indicated by vertical
lines for the experiment points and the width of the gray shaded region for
the simulation. Right scale and blue dotted curve: the probability that a trial
ends by termination. (C) The average exponent as determined by a power law
fit to the mean squared displacement for different values of h/d as a function
h/d for the experiment (black) and simulation (gray). Inset shows MSD curves
from the simulation for several values of h/d; the red dashed line indicates
quadratic (ballistic) scaling.
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Fig. 3. Distributions of robot travel distance. (A) Solid curves are the exper-
imental data for h = 0.5d (green), h = 0.65d (blue), and h = d (red); dashed
curves are fits to the stretched exponential function Aexp [—(D — Dg)“]. (B)
The variation of the fitting parameter a with h/d. Open circles are experimen-
tal results; closed circles are simulation results. Error bars represent 60%
Cls.

in Fig. 34) reveals a transition in the distribution shape from
Gaussian (@ = 2) to exponential (a = 1) (Fig. 3B).

A remarkable and very unexpected result is that curves very
similar to Figs. 2B and 3B appear in the work of Roati and
coworkers (34, 35), who followed the motion of a Bose—
Einstein condensate of K atoms through a one-dimensional
optical potential of the AA type and observed the predicted
transition from a delocalized quantum state to a localized
quantum state. For reasons we hope future theoretical work will
elucidate, there is a striking qualitative similarity between the
quantum wave transport of an atomic condensate through an
aperiodic environment and the body-bending wave transport of
an undulating robot through an aperiodic environment.

The simulation results in Figs. 2C and 3B were produced using
a multibody simulator designed to provide a detailed description
of the intermittent contact forces between the surfaces, edges,
and points of the robot and our boulder terrain. The simulations
reproduce the localization behavior seen in our experiments,
but they give little insight into why localization occurs or
why our experiments mimic behavior seen in Bose—Einstein
condensates. For that purpose, we developed a simple model
aimed at capturing the essential features of the physical situation
at the cost of sacrificing most of the details retained in the
simulations.

Undulating Transport in Periodic and Aperiodic Terrains:
Theory. No single theory models the dynamics of an extended
self-deforming object in all circumstances. However, when
such an object moves through a homogeneous overdamped
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environment, so-called resistive force theory (RFT) (8, 11)
provides a good description. In this section, we describe a gene-
ralization of this theory capable of describing the undulatory
transport of a snake-like robot through an inhomogeneous
environment.

Following Gray and Hancock (8), we replace the robot by a
flexible one-dimensional filament of length L on the x-axis. We
model the effect of the robot’s internally generated bending wave
by specifying the transverse displacements of the filament:

y(x, t) = bsin 2z[x/A —¢t/T]). [2]

The center-of-mass of the filament (hereafter “undulator”)
moves along the x axis because the bending described by Eq. 2
induces time-varying contact and resistive forces. The theory is
designed for overdamped, low-coasting situations where inertia
can be neglected. Accordingly, Gray and Hancock derived an
expression for the undulator’s center-of-mass velocity, Ve, by
setting to zero the sum of all the forces that act upon it. Their
expression has been used with success to describe the transport
of real undulators over flat frictional surfaces (20) and through
viscous fluids (8) and frictional fluids like sand (11).

The key parameter in RFT is a single number called the
drag anisotropy. This quantity, §& = f1 /fj, is the ratio of the
components of the total force that act perpendicular and parallel
to the surface of the undulator. When & > 1, the center-of-
mass moves in the direction opposite to the direction of the
propagating bending wave. This is the case for snakes on sand
(36, 37), limbless robots with passive wheels on hard ground
(20), and nematode worms (38) or sperm cells in low Reynolds
number fluids (8), By contrast, the center-of-mass moves in the
same direction as the deformation wave for systems with & < 1
like centipedes on water surfaces (39) and some marine worms
in bulk fluids (7).

A simple way to generalize RFT for use with inhomogeneous
terrains is to permit the drag anisotropy £ to vary as a function
of position. An important feature of this approach is that
the same body deformation wave can induce either forward or
backward motion, depending on the geometry of the contact
between the undulator and the terrain. To illustrate how this
can happen, the side and Top views in Fig. 44 show the normal
(V), frictional (F), and gravitational (mg) forces present when
a thin rod slides over the surface of a hemispherical boulder.

The magnitude and direction of the net force f on the rod
depend sensitively on the exact point of contact with the
boulder.

We calculated &(x) for this situation analytically (Materials and
Methods), assuming that the rod always lies in a plane parallel to

the ground on which the boulder lies and that 4V is the force of
sliding friction. The result is that £ > 1 when the rod slides up
the boulder and & < 1 when the rod slides down the boulder.
For a periodic array of boulders, &(x) is well approximated by a
sinusoid with the same periodicity as the boulders.

Consistent with our aim of building a minimal model, we made
no attempt to calculate the spatial variation of the drag anisotropy
for any of our boulder terrains, or to account for the discrete,
intermittent nature of frictional contacts between the robot
segments and the terrain. Instead, we used a simple, continuous
analytic anisotropy function &(x), which possessed the same
spatial periodicities as the AA terrain. With £(x) in hand, the
generalization of the expression for Vi, derived in ref. 8 for

§The numerical studies of limbless locomotion by Zhang and coworkers (40) introduce a
spatially varying planar friction coefficient to study the effects of terrain inhomogeneity.
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Fig. 4. Resistive Force Theory modified to include a spatially varying drag
anisotropy. (A) Side (Upper panel) and Top (Lower panel) views of a thin rod
making contact with a curved frictional surface. See text for discussion of
the forces shown. (B) The net force pattern (red) associated with a periodic
drag landscape (Upper panel) always produces net thrust to the Right, while
the force pattern associated with an aperiodic drag landscape (Lower panel)
can yield zero net motion or alternating leftward and rightward motion. (C)
RFT model results for the undulator’s center-of-mass position. The motion is
ballistic when I'’/A = 0 (green curve). But as I'/A increases, the undulator
exhibits increasingly frequent bouts of backward motion and transient
trapping until, above a critical value, it becomes permanently trapped and
oscillates indefinitely around a single point (red curve).

small amplitude undulations can be shown to be (Materials and

Methods)

272 pL)2
Vo = 7 | |y 4el60n ) = Meos’ (/4 = /7)),
[3]

where X (#) is the position of the center-of-mass of the
undulator in the frame of laboratory.

The Top panel of Fig. 4B shows the spatial variation of the total
force (arrows) exerted on the undulator (solid curve) when &(x) =
A sin(kx)+1 (dashed curve). These forces sum to zero as required.
However, when A is large enough, they provide sufficient forward
thrust locally to propel the robot in that direction at speed Ve =
A) T (Materials and Methods). This is consistent with the ballistic
transport seen in Fig. 24 for the # = 0 simple periodic boulder
field.

A drag anisotropy function which mimics the AA terrain is
E(x) = Asin(zx/a) 4 TUsin(frx/a) + 1. [4]

This function is aperiodic when g = (+/5 — 1)/2 and the
distribution of forces it produces (Lower panel of Fig. 4B)
leads to time-varying values of Vi, that can be positive or
negative. Fig. 4C shows results using Eq. 4 for the distance
traveled by the undulator as a function of time. As I' in-
creases, the transport evolves from ballistic, to near-ballistic
(due to the presence of backward motion events), to near-
ballistic punctuated by episodes of transient oscillatory trapping,

PNAS 2026 Vol. 123 No.8 2519118123

to a final oscillatory trapped state. The similarity of these
theoretical results to the experimental/simulation results of
Fig. 24 is striking. By construction, the undulator in our
one-dimensional RFT calculations cannot assume any of the
configurations that led to localization by termination for our
robot. However, we demonstrate below that the force fields that
produce oscillatory trapping in the RFT model are similar to
the force fields that trigger termination in our experiments and
simulations.

Fig. 5A plots our RFT results for the average distance traveled
by the undulator as a function of I'/A for three values of f.
The good qualitative agreement between the f = (/5 — 1)/2
curve (red) and the corresponding experimental data plotted in
Fig. 5B (repeated from Fig. 2B) gives us further confidence that
RFT captures the essential dynamics of the real robot moving
through an AA terrain. The RFT results shown in Fig. 54
for rational values of f are surprising (initially) because one
reflects ballistic motion (f = 1/2 in green) and the other
exhibits localization (f = 2/3 in blue). However, comparison
with Fig. 5B shows that the robot behaves in exactly the
same way, up to an unknown scaling factor that connects
A/T and the analogous quantity in the robot experiments
(h/d). Moreover, the qualitative difference in transport behavior
associated with these two rational values of f is precisely what is
seen in detailed numerical studies of the AA model, where the
eigenstates of the Schrodinger equation change from delocalized
to localized even when f = p/q as long as p # 1 and g are
integers (31).
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Fig. 5. Average distance traveled for different values of g. (A) RFT values of
(D) divided by the number of completed deformation wave periods (in units
of the undulatory wavelength) as a function of I'/A. (B) Experimental values
of (D) as above as a function of h/d. Error bars indicate the SDs.

https://doi.org/10.1073/pnas.2519118123

5 of 12



Downloaded from https://www.pnas.org by GEORGIA INSTITUTE OF TECHNOLOGY ; SERIALS CONTROL-EBS on February 17, 2026 from | P address 73.97.222.162.

Trapping versus Termination

Our robot experiments, our multibody simulations, and our
generalized RFT calculations agree with respect to the commen-
surability and aperiodicity conditions that determine whether an
elongated undulator traverses a quasi-one-dimensional AA terrain
or stops and localizes at a point within it. More precisely, they
agree if “localization” is understood to mean both oscillatory
trapping (for our generalized resistive force theory) and trial
termination (for our experiments and simulations). The task of
this section is to show that these outcomes are indeed essentially
equivalent for our purposes by describing the underlying torque
patterns that lead to either case.

A key point is that locomotion in the noninertial, low-coasting
situations studied here occurs only because the locomotor
repeatedly generates and propagates a bending wave of distortion
down its body. The robot does this by using its servomotors to
apply the torques required to impose the joint angles specified by
Eq. 1. RET does this by imposing a gait on the undulator defined
by Eq. 2, and the theory can be used to calculate the torques
that would be required to maintain this gait. It is instructive to
compare these two because it is torque-induced stress that leads
the undulator and the robot to reverse, and eventually localize by
trapping and termination, respectively.

We focus on f = (+/5 — 1)/2 and consider first the RFT
torques. Fig. 64 shows the time variation of the torque near the
head of the undulator for three values of I'/A. When I'/A = 0
(Top panel), the terrain is periodic, the undulator motion is
ballistic, and the torque oscillates with the same period as the
gait of the undulator. This occurs because of the matched spatial
periodicity of the robot’s gait and the terrain. Over the duration
of a cycle, the robot returns to the same relative position in the
lattice; hence the temporal periods of the torque wave and the
gait itself are the same.

When I'/A = 0.5 (Fig. 64, Middle panel), the incommensu-
rate perturbing component of the AA terrain induces transient

episodes of both backward motion and oscillatory trapping. In
breaking the spatial periodicity match between the gait and the
terrain, this in turn produces a torque that varies aperiodically
in time. Finally, after the magnitude of the perturbation has
increased to the point that I'/A = 1 (Fig. 64, Bottom panel),
the undulator localizes and the torque again varies periodically in
time at the oscillatory trapping frequency, which is matched to the
gait frequency. As in the case of ballistic motion at I'/A = 1,
the trapped state produces motion where the robot returns to
the same relative position after a cycle, but instead of advancing
by one boulder spacing, the undulator returns back to the same
point where it began within the trap.

Our aim is to show that, in terms of the torque patterns, the
RFT undulator and the robot transition similarly to a localized
state, despite differences between the behaviors of oscillatory
trapped states and localization by termination. To that end, we
next Fourier transform the time series in Fig. 64 to produce the
power spectra in Fig. 6B. The peaks in the spectral curves in
the 7op and Bottom panels of Fig. 6B identify the robot’s gait
frequency and the trapping frequency. The broad-band noise in
the Middle panel of Fig. 6B is present because, when I'/A =
0.5, the AA terrain is sufficiently aperiodic that the undulator
encounters many different types of local roughness, each inducing
a short bout of reversed motion, and each requiring a different
torque pattern to maintain the prescribed gait. AsI'/A increases,
these short bouts of reversal occur more and more frequently,
eventually stringing together in series to produce longer and
longer periods of oscillatory trapping at fewer and fewer distinct
locations (Fig. 4C). Because the aperiodic torque components are
associated with transitions between reversals/traps and forward
motion, when the undulator becomes permanently trapped,
the power spectrum again becomes dominated by peaks at the
undulation frequency (Fig. 6B, Bottom panel).

Fig. 6C further illustrates this scenario by plotting the ratio
Pproad/ Po for the undulator as a function of I'/A. The numerator
is the integrated spectral power of the broad-band torque noise.
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Fig. 6. Torque exerted by an undulator in g = (+/5 — 1)/2 AA terrain at its head. (A) RFT results for the torque as a function of time for three values of I'/A.
(B) Power spectrum of the torque series in (A). (C) Relative spectral power Py,,4/Po calculated from (B) as a function of I'/A. Filled circles correspond with the
curves shown in Fig. 4C. See text for discussion. (D) Simulation results (filled circles) for P,.5,4/Po- The shaded region indicates the SD. The blue dashed curve
is the probability that a simulation trial ends by termination (reproduced from Fig. 2B).
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The denominator is the noise power in a narrow band centered
at the gait frequency.’ This normalized power increases at first
because the number of isolated, torque-driven reversals increases
as the landscape aperiodicity increases. The number of isolated
reversals eventually reaches a maximum and begins decreasing
when the reversals begin to string together, forming oscillatory
traps, as indicated above. The noise then decreases rapidly as
I'/A increases because of the increasing coalescence of reversal
events. Finally, the torque noise returns to its initial value when
the undulator achieves its final state of oscillatory localization.
Fig. 6D plots Phyoad/ Po for the robot calculated similarly using
simulation data along with the probability that a trial ends in
termination (redrawn from Fig. 2B). Once again, the torque
noise rises and falls as a function of the terrain aperiodicity, albeit
more steeply in Fig. 6D than in Fig. 6C. The reason for this,
we posit, is that the three-dimensional robot can respond to
aperiodicity in many ways (e.g., rotating out of the plane) while
the RFT undulator, which is constrained by construction to one
dimension, can do so only by reversals and oscillatory trapping.
For example, when //d is small (below the peak in Fig. 6D), the
robot can negotiate the terrain using small out-of-plane motions
which produce less broad-band torque noise than a reversal event.
As the aperiodicity increases, eventually the robot fails to respond
with small out-of-plane motion, and begins to pick up noise in
the torque signal. When 4/ is large (above the peak), the robot
can flip over, jam against a sidewall, or distort into a shape very
far from the prescribed serpenoid. All of the latter events trigger
termination, which leads us to conclude that termination simply
preempts localization by trapping and likely occurs in response
to the same torque patterns. That is why, despite the somewhat
ad hoc rules we developed to initiate termination, the systematics
of the transition to localization exhibited by our experiments and
simulations qualitatively agree with both our RFT calculations
and with the behavior expected from the quantum AA model.
In summary, localization via oscillatory trapping (in RFT)
or by trial-terminating stopping events (in the simulation and
experiments), both lead to the same basic outcome—forward mo-
tion stops—despite appearing qualitatively different. However,
these seemingly different mechanisms of halting forward progress
arise from similar underlying torque patterns, which reflect the
geometry of both the undulatory gait and the landscape.

Summary and Conclusions

This paper describes experiments and multibody simulations
designed to study the transport of an undulating snake-like robot
through a straight and narrow channel lined with a linear array
of 3D-printed boulder-type obstacles. The boulder arrangement
was chosen so the terrain landscape resembled a potential used
by Aubry and André to study the localization of electrons in
a one-dimensional crystal. The AA potential superposes two
periodic potentials, so we studied the transportas a function of the
landscape’s commensurability (by tuning the ratio of the periods)
and its aperiodicity (by tuning the ratio of the amplitudes).

The robot traversed the channel at constant speed when
the landscape was periodic, and its periodicity matched the
wavelength of the robot’s bending wave. Depending on the
commensurability of the landscape, increasing the aperiodicity
of the landscape led to increasingly labored transport due to
the increasing appearance of episodes where the robot moved

Iwe calculated Pproad by integrating the power over a band of from 0 to 5 in units of
the undulation frequency. We calculated Py by integrating the power near the undulation
frequency (over a band from ~0.9 to 1.1).
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backward or transiently oscillated back and forth around a fixed
point. Eventually, the robot failed to exit the channel and became
localized at a fixed point inside. Most often, this happened
because it responded to the landscape roughness by flipping
over, jamming against a channel sidewall, or greatly distorting
its body shape. In all these cases, the net outcome is a lack of
continued forward movement through the channel, leading to
trial termination.

We quantified the transition from ballistic motion to localiza-
tion using the mean square displacement of the robot down the
channel and the distribution of its total travel distance. The shape
of the latter changed smoothly from Gaussian to exponential
as we increased the aperiodicity of the terrain, very much like
what was reported in an experimental study of the transport of
a Bose—Einstein condensate through an optical lattice of the AA
variety. Changing the commensurability of the terrain landscape
produced changes in the robot’s behavior in good qualitative
accord with expectations based on numerical studies of the
localization (or not) of quantum waves interacting with an AA
potential.

We reproduced most of our experimental and simulation re-
sults using a generalization of resistive force theory. Conventional
RFT applies to a filamentary undulator moving in a straight
line through a homogeneous environment where drag dominates
inertia and a single parameter characterizes the drag. To model the
heterogeneity of our terrain, we replaced the drag parameter with
a drag function equal to the AA potential function. Localization
in this strictly one-dimensional theory corresponds to a state
where the undulator oscillates back and forth in the immediate
vicinity of a single point.

Despite its simplifying assumptions, our version of RFT pro-
duced qualitatively similar trajectories and mean travel distances
to those found in our experiments and simulations as a function of
the aperiodicity and commensurability of the landscape (Movies
S1-S3). This correspondence suggested that localization by
oscillatory trapping and localization by termination were closely
related. We investigated this by comparing the torque exerted on
the head of the moving robot to the torque on the head of the RFT
undulator that would be required to maintain its prescribed gait.
In both cases, broad-band noise associated with transient episodes
of reversal and trapping increased, peaked, and then decreased
rapidly as the landscape aperiodicity increased, reaching its
smallest value when the robot/undulator finally localized. From
this, we concluded that the robot and the undulator behaved
essentially identically except that the three-dimensionality of the
robot allowed it to respond to increasing terrain aperiodicity
(roughness) with termination-triggering events not available to
the one-dimensional RFT undulator. In other words, localization
by termination simply preempted localization by trapping,
implying that transit into the low-noise, oscillatory trap state
is always preceded by passage through a state of high torque
noise.

In this analysis, we have described the torque patterns in terms
of their spectral signatures. However, additional experimental
and theoretical investigation is needed to identify the particular
features in the torque patterns that cause both the broad-band
noise and the termination events, and thereby rule out the
possibility of high stress states that are not synonymous with
passage into the oscillatory traps predicted by the RFT model.

The similarity of our results to the cold atom experiments
deserves further comment. Our robot is a dissipative classical
system described in terms of local forces, while the Bose—Einstein
condensate is a conservative quantum system described by a
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Hamiltonian. However, recent theoretical work by Ermann et al.
(41) demonstrated that both classical and quantum AA localiza-
tion can be described by a particular type of discrete dynamical
map known as the incommensurate standard map. This suggests
the possibility that an overdamped analog of this map may
describe the dynamics of the RET undulator and provide a formal
mathematical link between the two systems.

Beyond localization, it is worth considering our present results
in light of earlier experiments where we observed diffraction-
like behavior when snakes and limbless robots passed through
a one-dimensional array of posts (20, 21). We also note work
by Zhang and coworkers (40) who found lensing, refraction,
and wave-guiding behavior in numerical studies of a filamentary
undulator sliding along a heterogeneous surface tailored to mimic
optical elements. Taken together, it is tempting to speculate that
there is some previously unsuspected general connection between
the embodied waves associated with elongated, overdamped,
actively self-deforming mechanical systems and the more familiar
conservative wave systems studied in classical and quantum
mechanics. We hope our results will motivate the more rigorous
theoretical work needed to discover if the phenomenological
similarities presented here have a deeper origin.

Materials and Methods

Design and Construction of 3D-Printed Boulder Arrays for Robot Exper-
iments. The boulders were made from polylactic acid (PLA) and fabricated on
Bambu Labs X1-Eand X1-Carbon 3D printers. Each boulderwas initially designed
asasphere with a diameter of 63.5 mm (d) and then truncated at various heights
(h), with values ranging from 6.35 mm (0.1 d) to 63.5 mm (1.0 d) to generate
different obstacle profiles. To create clear visual distinctions of contouring from
a top-down perspective, the PLA filament color was changed in increments of
3.175 mm along the height of each boulder (Fig. 1).

Each boulder included a rectangular cutout within its base (25.4 mm x
25.4mm x 9.525 mm with a 1.59 mm corner radius) housing two rectangular
magnets. These magnets allowed the boulders to be rigidly affixed to the
underlying magnetic surface. For boulders where A > 50.8 mm (0.8D), an
additional cylindrical extrusion was incorporated at the base, ensuring sufficient
space for embedding the magnets. However, given the significant truncation
height, the robot was not expected to interact with this additional extrusion,
effectively making these obstacles functionally equivalent to those simulated in
virtual models. To secure the magnets, four small flanges were integrated into
the boulder design, allowing for an acrylic laser-cut cover. However, for boulders
with high h values, the covers were omitted, as the forces exerted by the robot
when manipulating these obstacles were large enough to potentially dislodge
the covers.

The channel used to contain and guide the boulders was constructed using
80-20 aluminum extrusions, specifically eight pieces of 25.4 mm x 50.8 mm x
1.22 m sections. Each side of the channel measured 2.44 m in length and
101.6 mm in height. The width of the channel was set at 127 mm, precisely
twice the diameter of the boulders, to allow sufficient movement and interaction
space. Structural integrity was maintained by connecting the four aluminum
sections on each side using a centrally placed square bracket and two additional
brackets at each end. The entire channel was firmly secured to the Optical Table
using two 25.4 mm L-brackets positioned on opposite sides.

Simulations.

Simulation framework. To complement our experimental investigation of
undulatory transport in structured environments, we developed a multibody
dynamics simulation using the CoppeliaSim platform (26). The simulation
replicates the kinematics of the undulating robot by prescribing a traveling
wave of joint angles consistent with a serpenoid gait. While the number of body
segments in the simulation was chosen to support computational efficiency
and broader parametric exploration, the wavelength of body undulation was

https://doi.org/10.1073/pnas.2519118123

kept consistent with that used in physical experiments to preserve comparable
locomotor-environment interaction dynamics.

CoppeliaSim was used in conjunction with its Bullet physics (42) backend.
Contact interactions were resolved using Bullet's default sequential impulse
constraint solver, an iterative method that applies impulses to enforce
nonpenetration and friction constraints. This constraint-based formulation
enables stable simulation of rigid body interactions in friction-dominated
regimes, even in highly cluttered environments.

Each body segment was modeled as a rigid link with finite mass and moment
of inertia, connected to adjacent segments by revolute joints permitting planar
undulation. The simulated robot was driven in open loop by sinusoidal joint
actuation, and ground contact was modeled using discrete point contacts with
isotropic Coulomb friction. Environmental obstacles (boulders) and channel
walls were modeled as rigid, immobile objects.

The simulation enabled repeatable and systematic exploration of robot-

environment interactions across a wide range of disorder conditions, including
multiple realizations of aperiodiclandscapesandvariationinbouldergeometries
that would be time-prohibitive to perform physically.
Robot and environment modeling. The robot in simulation was constructed
as a planar multibody system using the exact geometry of the physical robot,
imported directly from computer-aided design models built in SolidWorks.
This ensured that segment dimensions, mass distribution, and contact surface
geometry were faithfully preserved, enabling direct comparison between
simulated and experimental results. Adjacent segments were connected via
revolute joints, allowing relative yaw motion. Joint actuation followed a
serpenoid waveform of the form:

am(t) = Asin2zm/N — wt), m=1,...\, [5]

where apm is the angle of joint m, 4 is the angular amplitude, and w is the
undulation frequency. This waveform was applied directly to the joint motors
under position control.

The robot interacted with a rigid planar ground surface and static
environmental obstacles, including channel walls and boulders. Friction was
modeled using Bullet's default isotropic Coulomb model, which constrains the
tangential contact force according to:

[IFell < uFn, (6]

where pisthe coefficientoffriction, and F, isthe normal force at the contact point.
Friction coefficients were tuned to approximate the high-dissipation, low-inertia
regime observed in experiments, ensuring that robot motion arose primarily
from body-environment interactions and ceased promptly when actuation
stopped. No restitution or velocity-dependent friction was used.

Boulder layouts in simulation matched the bichromatic spatial patterns

used in physical trials, including both periodic and aperiodic configurations.
Because both robot and terrain geometry were maintained identically to those
in experiment, contact interactions preserved the same spatial tolerances
and surface features, supporting direct comparison across varying levels of
environmental disorder.
Simulation parameters and protocol. Simulations were conducted with afixed
time step of At = 10 ms using Bullet's default constraint-based solver within
the CoppeliaSim environment. Joint motors operated under position control
using a proportional controller with gain K, = 1. A maximum torque limit of
20 Nm was imposed at each joint, beyond which actuation would saturate. No
additional joint velocity or acceleration constraints were enforced.

The prescribed joint waveform had an undulation frequency of 0.5 Hz,
corresponding to a 2-s cycle period. Each simulation was run for a maximum
duration of 10 gait cycles. The robot's initial configuration was randomized by
assigning a uniformly sampled initial phase offset to the serpenoid waveform
and randomizing its initial body position within the channel while remaining
fully in-plane and in contact with the ground.

Simulations were terminated early if the robot flipped out of the plane,
defined as any point on the robot body exceeding a fixed vertical threshold
(15¢cm, ~0.9 width ofthe body wave)in thez-direction. No restitution ordamping
was applied, allowing motion to cease naturally under frictional contact.

For each simulation, data were recorded at 500 Hz. The following quantities
were saved at each timestep: 3D position of every body point, joint angles,
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Table 1.

Parameter Value Notes

Summary of simulation parameters

Simulation time step (At) 10ms
Motor control type PD

Fixed integration step
Matched to physical robot

Joint torque limit 20Nm Saturation enforced
Undulation frequency 0.5Hz 2s per cycle
Initial waveform phase Random Uniform over [0, 27]
Initial position Random Within channel, in-plane
Data recording rate 500 Hz Consistent across all runs
Recorded outputs Position,

angle,

torque For all body links and joints
Channel width 24 cm Matched to robot amplitude

and joint torques. These outputs enabled computation of quantities such as
displacement, velocity, and torque patterns across varying terrain configurations.
Toensure statistical robustness, 1,000independent simulations were conducted
for each terrain configuration.

A summary of key simulation parameters is provided in Table. 1.
The effect of robot torque limits on localization. To evaluate whetherornotthe
torque limitations of the robot affected the localization transition, we performed
simulations for a range of torque limits. Fig. 7shows the displacement per cycle
for a range of simulations with different torque limits (from 0.01x to 10x the
calibrated torque limit of 20 Nm used in the simulations described in Results).
We found that for all torque limits considered, except for 0.01x the calibrated
torque limit, a clear transition from ballistic motion to localization occurs. The
majority of these localization transitions occurred at similar values of h/d, with
changes to the shape of the curve beginning at 0.1x the calibrated torque
limit. At0.01 x the calibrated torque limit, the robot could not provide sufficient
torque to create a serpenoid shape.
The effect of channel width. Because many of the termination events involved
strong interactions with the sidewalls of the channel, we sweptarange of channel
widthsinthe simulation. The channel width used in the simulations presented in
Results (24 cm) was selected to constrain the robot, which at its peak amplitude
produced a peak-to-trough distance of 24 ¢cm during a cycle. As the channel
was widened from 24 ¢m, the transition was observed at a similar perturbation
strength (h/d) until it reached 36 cm. However, even for very wide channel
widths (48 cm), a transition was observed, but at a lower level of disorder. In
these cases, the robot tended to rotate away from the line of boulders. Because
the flat ground around the boulders contained no intrinsic drag anisotropy, the
robot then simply undulated in place. For channels narrower than the peak-to-
trough distance (22 cm, back curve), the robot was unable to achieve its target
amplitude and localized at a low level of disorder.

<D/n> [Acycle]
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Fig. 7. Displacement per cycle for a range of robot torque limits from
simulations, with torque limits of 0.01 (green), 0.1 (purple), 0.5 (yellow), 0.75
(blue), and 10 (orange) times the calibrated torque limit (20 Nm, gray curve)
presented above.
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Fig. 8. Displacement per cycle for a range of channel widths, including
22 cm (black curve), the robot's peak-trough distance (24 cm, gray curve),
as well as 26 cm (purple), 28 cm (yellow), 30 cm (orange), 36cm (blue), and
48 cm (green).

Model Derivation. Following Gray and Hancock, the viscous resistive force
density(%) of a slender undulator of length L with lateral displacement y(x, t)
is given by

#=( N—Q)%%— Ld*X- (7]

x x dt dt
The variable x € [0, ] describes the position along the body in a coordinate
system that moves with a pointat the tail, while the variable X (x, t) describes the
position of a point x along the body in a fixed reference frame as it moves. The
variables Cy and C; refer to the normal and longitudinal resistance coefficients
(inthis case, viscous drag coefficients), respectively, which were assumed by Gray
and Hancock to be constants intrinsic to the material constituting the body and
the environment. In this manuscript, we will eventually allow these constants to
varyinspace (along x), to describe locomotion in heterogeneous environments.
We note that this relation is valid in the limit of small displacements y.
For sinusoidal undulations moving to the left along the x-axis,

y(x t) = yosin2z(x/4 + wt), (8]

where yj is the amplitude of the body displacement, A is the wavelength and @
is the frequency of undulation. For simplicity, we proceed by setting A = 1 and
w=1

Substituting [8] into [7] yields

o 4xyy(Cy — Cp) cos” 2m(x + ) — CLE' (9]

In the overdamped limit, the net force [ dF along the body must always
equal zero. Integrating both sides of Eq. 9 with respect to x yields the following
relation (for a body of unit length)

1 1 —_
/ d—de = 47r2y(2) / =G cos? 2z (x + t) dx. [10]
o dt 0 G

We assume that each segment of the body moves along the X-axis at the
same speed (the body does not deform along the swimming direction, but
only lateral to the swimming direction), such that the integrand on the lhs of
Eq. 10is a constant. We now introduce the spatial dependence of the resistance
coefficients by writing them as follows

=G _ i)

L1 =E(X) -1, 11
G ) §(X) (1]

where we have defined the drag anisotropy function £(X) = Cy(X)/C (X).
Further, because the body does not deform along x, the laboratory and body
reference frames may be related by X = Xg + x, where Xg is the position of
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the anterior-most point (the tail) of the undulator along the X axis. Therefore,
substituting[11]into[10]and noting thatdXy /dt = dX/dtyieldsthe following
differential equation

dX, !
0~ 4x2 /0 (X +0) — 1] co? 2(x + ) dx. [12]
For a given function &(X) this may be solved to determine the motion of the
body along the landscape Xo (1).
For the Aubry-André drag function

E(X) = Asin(kX) + Tsin(pkX) [13]

the integral on the rhs of Eq. 12 may be integrated analytically, producing a
nonlinear first-order ODE that can be solved numerically. Fork = 2, itis written
as

1 dXy
”Ty%w —ACOS47I(X0—t)+
r
PYPU R X
p(pe —4)

(ﬁ(ﬁ +2) sin fz cos w(2pXg — 4t + B)
+ B(B —2) sinfr cosm(2pXg + 4t + B)
—(B+2)(B—2)(sin2pXg —sin2B(Xg + 1)). [14]

To calculate Xq (t) we numerically solved[14] using Mathematica's numerical
ODE solver. We note that for the case where I' = 0 (a single periodic drag
function), [14] s similar to the nonuniform oscillator equation, with stable fixed
points at Xy — t = 0, which correspond with uniform motion.

Approximate Resistive Forces of Boulders. The actual resistive force experi-
enced by a rod impinging on a frictional boulder with a constant velocity and at
some angle is highly complex. Experimentally, directly measuring the resistive
forces could be accomplished using techniques similar to ref. 20, where rods are
dragged through a medium at a constant velocity and at a range of angles while
measuring the normal and tangential resistive forces. However, in lieu of such
experiments, we proceed to describe in more detail the approximate resistive
forces experienced by a rod sliding along a hemispherical boulder, and further
motivate the connection to the drag anisotropy function [13].

We first make the simplifying assumption that the rod is constrained to lie in
a plane parallel to the ground on which the hemispheres are placed (xy-plane)
at some height z (Fig. 7A). The rod moves along the x-axis at a constant speed
vx as a result of an external force £, the force of gravity, and the reaction forces
(frictional and normal) at a small patch of contact with the sphere surface. If the
angle of the rod in the xy-plane g is fixed as it slides along the boulder in the
x-direction, the height z of the rod must change to allow the rod to maintain
contact. Because the rod must remain tangent to the sphere surface (and is
constrained to lie in the xy-plane), for a given angle B, the patch of contact
between the rod and the hemisphere can only move along a great-circle path
(dark, dashed line in Fig. 74), parameterized by the angle a.

To calculate the approximate drag anisotropy, we consider infinitesimal
movements of the contact patch atsome angle # and a. We considera tangential
plane near the patch of contact (shown in green) and consider force balance in
the coordinate system of the plane at the point specified by (a, B). The problem
now reduces to the problem of a point particle with frictional drag being forced
up (or down) a flat plane. Considering force balance in the directions X', j’, 7/
and assuming v is constant we have

fy = Nsin 6 + uN cos 0 cos ¢ [15]
fy = uNsin ¢ [16]
0 = Ncos® — mg — uNsin @ cos ¢, [17]

where N is the magnitude of the normal force, mg is the magnitude of the
gravitational force, and y is the coefficient of kinetic friction. We may solve for
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Fig. 9. Force balance of a rod impinging on a sphere. (A) A rod moving in the
x-direction at an angle g impinges on a sphere at some angle «. Considering
force balance at constant velocity during infinitesimal movements near the
point of contact, we consider the forces acting in a plane tangent to the
sphere (B) at the point of contact.

N using force balance in the Z/-direction [17], and then compute the ratio of the
reaction forces in the x” and y’ directions [15 and 16]. Because the rod must lie
tangent to the sphere and the plane, we identify the x” and y’ directions with the
parallel and perpendicular axes of the rod; hence, the ratio of fy /f, represents
the drag anisotropy function, which we may write as follows:

Sin @ + u Cos O cos ¢

Lsing (18]

FL(6.¢)/F(6,¢) = &0, ) =

By rewriting equation [18]in terms of « = z/2 — @ and B = ¢ we may
then compute the drag anisotropy function for any point a,  on the sphere,
shown in Fig. 84 for u = 0.5. Forall B, as a is increased, the drag anisotropy
transitions from & > 1 to a region where 0 < & < 1, and finally to a region
where & < 0, which corresponds with sliding down the far edge of the boulder.
The drag anisotropy is often computed by taking the ratio of purely normal to
purely tangential motion, rather than considering the functional dependence
on (a, B). Fig. 8B shows the ratio of purely normal to purely tangential force as
afunction of a, F| (a, 0)/F) (e, z/2). For small @, motion at a constant speed
vy is not possible for = 0 (the tangent plane is vertical) and hence the drag
anisotropy is infinite. Above a critical a the drag anisotropy is large but finite
(the rod is sliding uphill). As & increases, the drag anisotropy falls below 1, and
eventually becomes negative (corresponding with sliding down the other side).
We note that at @ = /2, when the rod is atop the sphere, we recover the
isotropicfriction of a flat planar surface. Finally, if we consider a series of boulders
atsome height, we expect the drag anisotropy function &(x) to be approximated
by a repeating motif of piecewise functions, including some domain of the curve
in Fig. 88 (depending on the range of a available given the boulder height),
separated by regions of isotropicfriction (£ (x) = 1, representing theflatground
between the boulders). While this function is more complex than the sinusoidal
drag functions described in the preceding sections, the sine wave approximation
correctly models the alternating positive and negative values of £(x) and the
translational symmetry of the boulder drag landscape.

We have shown that boulders produce regions of high and low drag
anisotropy depending on the angle at the point of contact. This explains, in
part, the qualitative resemblance of the dynamics of the robot/simulation to the
simplified RFT model, which shares some of the spatial symmetries of the true
drag anisotropy field experienced by the robot. However, several factors limit
quantitative comparisons of the AA-drag field and the true boulder field. First,
in the AA-drag function, the two sinusoidal terms combine additively. When
combining two boulder lattices with different spatial periods, the overlap of the
boulder surfaces likely produces variations in the drag field that differ from the
addition of the two sine terms. While the spatial periodicity of each component
lattice, taken independently, is well captured by a sinusoidal RFT function of the

pnas.org



Downloaded from https://www.pnas.org by GEORGIA INSTITUTE OF TECHNOLOGY ; SERIALS CONTROL-EBS on February 17, 2026 from | P address 73.97.222.162.

T

FL(a,B)F(a.B)

N o =
o N o

I 11111

o

4t 1
o 2b 4
B
g
el —
=
8-2r 1
=
w
-4+ N
-6 L L L L L
0.0 0.2 0.4 0.6 0.8 1.0

afr

Fig. 10. The drag anisotropy function of a boulder at «,  (A). As a rod
slides over a hemispherical boulder, it encounters regions of large, pos-
itive drag anisotropy, as well as regions where ¢ < 1 is small but
positive and also regions where ¢ < 0 (sliding down the boulder). The ratio of
pure perpendicular drag F| («, 0) to pure parallel drag Fj (e, z) as a function
of a (B).

appropriate wavelength, the relationship between the heightand the amplitude
of the corresponding sinusoid is likely a nonlinear and complex mapping. Taken
together, the differences in how the component lattices are combined relative to
the additive combinations of the bichromatic terms, and the complex nonlinear
mapping between the boulder height and the amplitude of the corresponding
sine term, make quantitative comparisons between the two dimensionless
quantities h/d and T'/ A nontrivial. Future work, including direct measurement
of the resistive forces as in ref. 20, or systematic calibration of single boulder-
robot collisions, could help explain the apparent scaling difference between
these two quantities.

Comparison of the Hamiltonian AA Model and the RFT Model Equations
of Motion. As noted above, our choice of terrain geometry was motivated by
the Aubry-André Hamiltonian, which achieves aperiodicity through the use
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